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An Alternative Definition of Quantifiers
on Four-Valued Lukasiewicz Algebras

L. J. Gonzélez, M. B. Lattanzi and A. G. Petrovich

Abstract. An alternative notion of an existential quantifier on four-valued
Lukasiewicz algebras is introduced. The class of four-valued Lukasiewicz
algebras endowed with this existential quantifier determines a variety
which is denoted by Mz21L4. It is shown that the alternative existential
quantifier is interdefinable with the standard existential quantifier on a
four-valued Lukasiewicz algebra. Some connections between the new ex-
istential quantifier and the existential quantifiers defined on bounded dis-
tributive lattices and Boolean algebras are given. Finally, a completeness
theorem for the monadic four-valued Lukasiewicz predicate calculus cor-
responding to the dual of the alternative existential quantifier is proven.
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06D35, 06D20.
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1. Introduction

In [9] Halmos introduced the monadic Boolean algebras as the algebraic coun-
terpart of the monadic predicate calculus. After this, several generalizations
of monadic algebras were obtained for some classes of algebras associated to
non-classic logics [1,2,7,8]. In particular, the monadic four-valued Lukasiewicz
algebras were studied in [1,7,8] as a four-valued Lukasiewicz algebra endowed
with an existential (universal) quantifier, here called standard existential (uni-
versal) quantifier. However, it is important to point out that although the
underlying propositional logic is non-classical, the corresponding quantifier is
interpreted in the context of classical logic.

In this paper, we present an alternative notion of an existential quantifier
on four-valued Lukasiewicz algebras, whose interpretation is non-classical, and
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which turns out to be a generalization of the usual concept of an existential
quantifier on Boolean algebras. This notion of quantifier arises as a generaliza-
tion of the middle existential quantifiers on three-valued Lukasiewicz algebras
introduced by Petrovich in [16]. In [17] a quantifier is associated to each el-
ement of the three-valued Lukasiewicz chain 8 = {0,1,1} in the following
sense. Let X be a nonempty set and let 3¥ be the three-valued Lukasiewicz
algebra where the operations are defined pointwise. If v € {0, 1 5,1} then the v-
existential quantifier 3, : 3% — 3% is characterized by the following property,
for each f € 3%:

3,(f) is the constant function taking the value v if and only if

(Py)

f takes the value v in some element x € X.

Thus J; and dgy are the standard existential and universal quantifiers, respec-
tively, defined on a three-valued Lukasiewicz algebra [14] while 3, is the middle
quantifier considered in [17].

Now, let 4 = {0, :13, g, 1} be the four-valued Lukasiewicz chain and 4% be
the four-valued Lukasiewicz algebra where the operations are defined point-
wise. So, in a similar way, we can define four quantiﬁers on 4% which satisfy
Property (P,) for all f € 4% and every v € {0, 3, 2,1}. Again 3; and 3 are
the standard existential and universal quantifiers, respectively, defined on a
four-valued Lukasiewicz algebra [1,2]. We can see that 3 1 is the dual operator
of Elz as well as Jg is the dual of 34, i.e., E|1 = —52—' and Jo = =31~ For this
reason we will investigate only the propertles of the existential quantifier 3%

The paper is organized as follows. In Sect. 2, we define an operator on
the functional four-valued Lukasiewicz algebras 4% and, we study its main
properties. Then, we introduce the general and abstract definition of the 2/3-
existential quantifiers on four-valued Lukasiewicz algebras and show several
properties from this definition. The main aim in Sect. 3 is to prove that the
four-valued Lukasiewicz algebras endowed with a 2/3-existential quantifier are
polynomially equivalent to the four-valued Lukasiewicz algebras endowed with
a standard existential quantifier (in the sense of [2]). In Sect. 4, we study some
connections between the 2/3-existential quantifiers on four-valued Lukasiewicz
algebras and the Boolean existential quantifiers [9] defined on the Boolean ele-
ments and the lattice existential quantifiers [5] defined on certain distributive
sub-lattices of four-valued Lukasiewicz algebras. In fact, we prove that from
a 2/3-existential quantifier it can be defined a Boolean existential quantifier
and a lattice existential quantifier and reciprocally, under certain restrictions,
from a Boolean existential quantifier and a lattice existential quantifier it is
possible to define a 2/3-existential quantifier. Finally, in Sect. 5, we propose a
monadic four-valued Lukasiewicz predicate calculus, which correspond to the
2/3-universal quantifier. Then we prove a completeness theorem for this logic.
To attain this, we need to consider a monadic four-valued Lukasiewicz pred-
icate calculus corresponding to the standard universal quantifier [2] and we
show a completeness theorem for it.
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The variety of four-valued Lukasiewicz algebras is the algebraic coun-
terpart of Lukasiewicz four-valued propositional calculus, but the variety of
n-valued Lukasiewicz algebras for n > 5 does not correspond to Lukasiewicz
n-valued propositional logic. Four-valued Lukasiewicz algebras are polynomi-
ally equivalent to four-valued MV-algebras and to four-valued Wajsberg al-
gebras [2,4,6,11]. In [7] it is proved that monadic n-valued MV-algebras are
polynomially equivalent to monadic n-valued Lukasiewicz algebras for n = 3
and n = 4.

A four-valued Lukasiewicz algebra, for short Ly-algebra, (see for instance
[2] and [11]) is an algebra (L,V,A,—,01,09,03,0,1) of type (2,2,1,1,1,1,0,0)
satisfying the following conditions, for all 2,y € L and any i,j € {1,2,3}:

(L1) (L,V,A,—,0,1) is a De Morgan algebra,
oi(xVy)=ox Vo,

oi(x Ny) = o2 A oy,

ox N o =1,

2)
3)
)
) —0ir = 04—,
)
)
P)

L
L4
0,0;T = 04T,

o1x S 02X S g3x,

if 0,0 = oyy for all ¢ € {1,2,3}, then © = y (Moisil’s Determination
Principle).

(L
(
(
(L5
(L6
(L7
(MD

The following identity holds in every L4-algebra and will be used fre-
quently

x Az = (-x Aogx) V(T A —o2x). (L8)

For brief, we will denote an Ly-algebra (L,V, A, —,01,09,03,0,1) by its
support set L. We refer the reader to [2] and [11] for the basic properties of
four-valued Lukasiewicz algebras. Let L be an Ly-algebra. An element « € L is
a Boolean element if o1z = x; we denote by B(L) the set of Boolean elements
of L.

Let (4,V,A,01,09,03,0,1) be the Ly-algebra of four elements where the
operations are defined as follows: z V y = max(z,y), * Ay = min(z,y), "z =
1 — 2z and

k 0 if it+k<3
NEA =9 forallie{1.2.3) and k € {0.1,2.3}.
‘”<3> {1 it gy lorallieil23)and ke {0,123}

Let X be a nonempty set. It is clear that 4% is also a four-valued
Lukasiewicz algebra where the operations are defined pointwise. The constant
functions having the values 0 £ and 1 will be denote by 0 2 and 1,
respectively.

) 37 ’ 37

The standard existential and universal quantifiers on 4% are defined by
31f = V,ex f(x) and 3of = A cx f(2), respectively, and it should be clear
that 39 and 37 hold Property (P, ). In what follows we will define an existential
quantifier associated to the element % €4.
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2. 2/3-Existential Quantifiers on L4-Algebras

Using the above considerations, we give an alternative notion of an existential
quantifier on a functional L,-algebra, and we show the main properties of
this operator. Then, we will introduce an abstract definition of 2/3-existential
quantifiers on four-valued Lukasiewicz algebras.

Definition 2.1. Let X be a nonempty set. We define the unary operator EI% on
4% by

S (\/ f<x>> AN (F@) Vo f(@).
reX zeX
It is clear that 3% f is a constant function for all f € 4%,
Notice that in the previous definition f(z)V oo—f(z) = f(z) V 2= f(z),
for all f € 4% and every € X, where 2a = a ® a, being @ the sum of
MYV -algebras.

Proposition 2.2. The operator EI% defined above on 4% satisfies the property

2 2
H%f =3 if and only if there is xo € X such that f(xg) = 3 (P%)

Proof. First assume that there is 9 € X such that f(zo) = . Since f(z) Vv
oa(—f(x)) = 2 for all z € X we have

V i@=2 and A (F@) Vo (f@) = 5.

zeX zeX
Then, 3 2 f= % Conversely, assume that 3 2 f= % Then we have two pos-
sibilities \/, ¢y f(#) = 2 or A,cx (f(@) Vo2 (—f(2))) = 2. In the first case,
there is 7y € X such that f(zo) = 2. Otherwise, there is zy € X such that
f(@0) V oz(—f(x0)) = 2. Since the image of o is {0, 1}, we obtain f(zo) = 3.
O

The following proposition tells us what the behaviour of 3 2 is; the proof
is not hard, and we leave the details to the reader.

Proposition 2.3. The operator 3 2 introduced in Definition 2.1 can be expressed
as follows:

Z‘C fther?a’ is zo € X such that f(zo) = 5 and f < 3,
if there is o € X such that f(zg) = 2,
if there is xy € X such that f(x9) =1 and
f(@)# 2 forallz € X.

The following proposition follows from Definition 2.1 and Proposition 2.3.

@i
~
I

— W W= O

Proposition 2.4. The operator EI% satisfies, for all f,g € 4%, the following pro-
perties:
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—_

§0:0

if <3z20if, fori e {1,2,3},
zﬂgfszazf, forz€{2 31,
(f/\32g>:Esz/\EI%g,
< fVoaf,
(f\/ﬁ02f)<5|2f\/—|3202f

Now, taking into account the properties established in the previous propo-
sition, we introduce the following definition.

3
o

DO

o 3
S— Nt S— N N
Q

L

Wi Wi Wi

A~ N N~~~
>~

(=2}

Definition 2.5. Let (L,V, A, -, 01,092,03,0,1) be an Ls-algebra. An operator
32 : L — L is a 2/3-existential quantifier if satisfies the following conditions,
for all = ,y € L:

Al) 3:0 =0,

A2) oz < EI%aia:, for i € {1,2,3},

A3) Hgaiw = oiﬂ%x, for i € {2,3},

A4) 3%(33/\3%34) = ng/\ﬂgy,

Ab) Hgm <xVoyz,

A6) EI% (zV —ogz) < EI%x\/—EI%UQx.

The pair (L, EI%> is a 2/8-monadic Ly-algebra if L is an Ly-algebra and
3 2 isa?2 /3-existential quantifier on L. For short, hereinafter we will write 35
instead of EI%. We denote by M%L4 the class of all 2/3-monadic L4-algebras.

It is clear that if we consider the language (V, A, =, 01,092,03,32,0,1) of type
(2,2,1,1,1,1,1, 0, 0), then the class M%]L4 is a variety.

Ezample 1. Let X be a nonempty set. Then (4%, 32) is a 2/3-monadic Ly-
algebra, where 3 2 is defined as in Definition 2.1.

Example 2. Let L be an Ly-algebra and let ¢ be an element of L satisfying the
identities ooc = 0 and o3¢ = 1.
(i) The operator 3, : L — L given by the formula:

1 if x€ B(L)and x #0,
0 if x=0,
¢ if x#0and oqx =0,
—c otherwise

satisfies axioms (A1) to (A5) but not (A6).

We leave to the reader the task of verifying that 3, satisfies axioms (A1)
o (A5). Let L be an Ly-algebra (for instance L = 4 x 4) and let = € B(L) be
such that = # 0 and = # 1. Let z = = V ¢. Note that 092z = 092 = x. Then
3.(2V —022) = Au(x VeV —z) = 3,(1) = 1. On the other hand we claim that
3.z = —c. Indeed, it is clear that z # 0, so 3,z # 0. Since x # 1 then z ¢ B(L)
because z > ¢ implies 03z > o3¢ =1, and if z € B(L) then z =1 =z V ¢ and
hence 1 = oox = z, a contradiction. So z ¢ B(L). Since = # 0 it follows that
09z = 0ox = x # 0. Therefore 3,z = —¢. Finally, 3,002z = 3,2 = 1 because z is
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a boolean element different from 0, so =3,092z = 0 and then 3,2V -3, 002 = —¢
and 3,(z V no22) = 1, so the inequality given in (A6) does not hold.
(ii) The operator 35 : L — L given by the prescription:

0 ¢fx=0

¢ ifx#0and oyx =0
—c if o9x # ox

1 otherwise

32 (I) =

is a %—existential quantifier.

Let L be an Ly-algebra, S an Ly-subalgebra of L and ¢: L — L a function.
We denote by q,g the restriction of ¢ to S and by ¢(S) the image of S by q.
Next we give some basic properties of 2/3-monadic L4-algebras.

Proposition 2.6. Let (L,35) be a 2/3-monadic Ly-algebra and let x,y € L.
Then, the following properties hold:

2) 323256 = 321‘,

3) x < Joy implies Jox < oy,

4) Jox <y implies oz < Joy,

5) x € B(L) implies oz € B(L),

6) x € I5(L) if and only if Jox = x,

7) (B(L),3,B(1)) is a monadic Boolean algebra and 32(B(L)) = J2(L) N
B(L),

(P8) 320’132I == (713213,

(Pg) 01321’ S 320’11’.

Proof. (P1) Tt is straightforward from (A2).

(PQ) 32(1 AN 32:6) = 321 A 3217. SO7 3232.% = 321’.

(P3) It follows from (A4).

(P4) It follows by applying (A4) and (P2).

(P5) Let & € B(L). So, oex = x and then, from (A3), we have ooJox =
Jy09x = Jox. Thus Jox € B(L).

(P6) It follows from (P2).

(P7) It is clear from (P5), (A1), (A2) and (A4).

(P8) Since Jy is an existential quantifier on B(L) and o132z € B(L), it
follows that o132z < Jp01322. Notice that o132 < Jax. So, by (P3)
and (P2) we have Jo01322 < Jox. Then, by (P5), 2013z < 0132.
Therefore Joo1dox = o1do.

(P9) By (A5) we have Jox < x V o9—x. So, 013z < 012 V og—x. Then
o130z A oax < (012 V —09x) A 09z = opx. Since Jy is an existential
quantifier on B(L), it follows that 32 (61322 A 022) < Jo0q12. Now, from
(P8), (A4) and (A3) we have 33 (07322 A 022) = 01322 Hence, o1 3oz <
320'1]}.

Proposition 2.7. Let (L,33) be a 2/3-monadic Ly-algebra. Then Jo(L) is an
Ly-subalgebra of L.
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Proof. By Definition 2.5 and Proposition 2.6, it is clear that 35(L) is closed
under A, 01, 09, and o3, and includes 0 and 1. To prove that 35(L) is closed
under — we will show that Jo—Jox = —Joz using condition (MDP). First,
notice that —o33ox € Jo(L) follows from (A3) and (P7). Hence, —o33sx =
32"0’3321‘. I\IOW7 by (Pg) we have 0'132_'32.’13 < 320’1_‘32.73 = 32"0’3321‘ =
do—doozx = —dyozxr = —o3dexr = op—dox. Since dox < o3dsx we obtain
—o3dex < —Jox and thus, by applying (P4), we have 013z = —o3dax <
Jo—dsx. Then o1—dsx < g1do—dsx. Hence, o1—~dox = 01322, Equalities
0;—~Jdax = 0,323z follow from (A3) and (P8), for ¢ € {2,3}. Therefore, by
(MDP), it results Jo—Tox = ~Fox.

Proposition 2.8. Let (L,33) be a 2/3-monadic Ly-algebra. Then the following
properties hold:

(P10) o2 =0 implies z =0,

( ) e < Jox,

(P12) Jy (zV —ogz) < x V —0o9x,

(P13) Jy (mx A ogx) = =33 (z V —oax),

( ) 32 (1’\/"0’2%) = 3256\/"32021’,

(P15) ds (—|$ AN 02;16) = —dox A dooax,

(P16) 01322 = Joo12 A =33 (o122 A 02),

(P17) 3 (mx A ogx) < Iy (mx V o2),

(P18) dox = [Fooox A Jo(x V —o22)] V Jo(x A mo9x).

Proof. (P10) Suppose 3oz =0. By (A2) we have z <oszz < o032 = 03352 = 0.

(P11) We will use condition (MDP). By (A2), z < g3z < Ja03x. So, "Jeozx <
—z. Since —J03x € Io(L), by using (P4) and (A3), we have o1-3az =
—Jdooszr < Jy—zx. Hence o1-3ax < 013z, Now, for og, using (A3)
and (P7) we obtain oo—Jox = —Taoox < om0 = Jooa—x = 09Ty
Finally, since ~z < 03—z < dyos—x, it follows that —dsoz3—x < .
Thus, by (P4) and (P7) it results —3303—2 < Jaz. So, by applying
01 to both sides of the inequality we obtain —=3y03—2 < o13sx. Then
=132 < daoz—x. Hence, o3—Iox < o33o—x. Therefore, by (MDP),
_E'gaj S 32"3}.

(P12) It is clear from (Ab), taking  V —oqz instead of z.

(P13) From (P12) it follows =z A ogz < —3a(x V —o9x). Then, by apply-
ing Proposition 2.7, (P3) and (P11) we have Ja(—z A 22) < =Ja(x V
—09x) < Jo(—x A ogx). Hence, Jo (mx A o9x) = =35 (2 V —022).

(P14) From (A6) we have Jy(z V —o9x) < Jox V —Iao9x. To prove the other
inequality, first we use (A5) and (P4) to obtain Jaz < Jo(z V —o2x).
On the other hand, by (A2), ooz < Fooox. Thus, ~Joosx < -9z <
x V —ogz. Then, by Proposition 2.7 and (P4) we obtain -39z <
I5(x V m02). Therefore Jox V —Iyoex < Fo(z V —o22).

(P15) It follows from properties (P13) and (P14).

(P16) Using (A3), (P15), (P9) and the fact that the restriction of 35 to
B(L) is an order preserving map, we have Jao12 A =3g (mo12 A 022) =
doorx A —\320'3(—‘2C A ng) = dyorx A o1 (—\32{1,‘ AN 320’2%) = dyorx A
(0’132.%‘ \Y ﬁﬂgdzl‘) = o1dax.



L. J. Gonzélez et al. Log. Univers.

(P17) It follows easily using (MDP).

(P18) From (P14), (P15) and (P11) we have [Faoox A Ja(z V —o22)] V Ja(z A
—o9x) = [Foo0x A (Fox V ~Fa09x)|V[-To—x A Faoax] < (Faoex A Fax)V
(o A Fooo—x) < Jox. So, now we need to prove the reverse inequal-
ity: Jox < [Faoex A Ta(z V —o2x)] V Ja(x A —o2x). Equivalently, by
applying the distributive law and (P17), we will show that Jox <
[Fo022 V Ia(z A mo2x)] A Jo(x V —ox). For this, first we show that
Tox < Foogx V Ia(x A —ogx) using (MDP). Since 01322 < o093z <
o232 V Jo(x A —o22) we have the following two inequalities o <
o1 (o939x V Fo(x A —o9x)) and ooFox < 09 (02Fex V (2 A —o2z)). On
the other hand, o3(Ja0oex V Io(x A —o92x)) = Jaoex V Ia(o3x A —02z) =
Ia(o2x V (032 A mo2x)) = Jaosz = o33ex. Hence, by (MDP), Joz <
JaooxV 3o (x A—oax). Moreover, by (A5) and (P4), Jz < Ia(zV —oax).
Therefore Jox < [Fooox V Fo(x A —02x)] A Fo(z V —o22).

O

3. Connection Between the 2/3-Existential Quantifier and the
Existential Quantifier on L4-Algebras

In this section we establish the main connection between the class M 2 L, and
the class of monadic four-valued Lukasiewicz algebras (see [7,11]), denoted
by MIL,. We will prove that these classes are polynomially equivalent [3]. A
monadic four-valued Lukasiewicz algebra (or M Ly-algebra , for short) is a pair
(L,3) where L is an Ly-algebra and 3: L — L is a mapping, called ezistential
quantifier, which satisfies the following conditions:

(M1) 30 =0,

(M2) = < 3Fuz,

(M3) J(z A Jy) =Tz ATy,

(M4) o,z = 0,3z, for i € {1,2,3}.

In this work, we refer to existential quantifiers as standard existential
quantifiers. Notice that these structures are abstractions of monadic functional
algebras (L3 ,3), where X is a nonempty set and, for each f € Ly, 3f =

\V f(z) =3;1f. Under this setting, these monadic structures are natural gen-
zeX
eralizations of monadic Boolean algebras introduced and developed by Halmos

in [9]. The class of monadic four-valued Lukasiewicz algebras is clearly equa-
tional; many properties of these algebras can be found in [1,2,7]. Recall that if
(L,3) is a monadic four-valued Lukasiewicz algebra, then (B(L),3,p(z)) is a
monadic Boolean algebra. Moreover, monadic L4-algebras are semisimple and
the simple monadic L4-algebras are the subalgebras of the monadic functional
Ly-algebras (L, 3).

For each four-valued Lukasiewicz algebra L we denote by £(L) and €2 (L)
the sets of existential quantifiers and 2/3-existential quantifiers defined on L,
respectively.

Theorem 3.1. Let L be a four-valued Lukasiewicz algebra.
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(1) If32: L — L is a 2/3-existential quantifier, then the operator 35: L — L
defined by
Fx = Joor2 V Jo(x A —oqx) (3.1)

for all x € L, is an existential quantifier.
(2) If 3: L — L is an existential quantifier, then the operator 35: L — L
defined by
Jox = Jax A =3(—x A oax) (3.2)

for allx € L, is a 2/3- existential quantifier.

(3) The maps : &z (L) — E(L) and p: E(L) — &z (L) defined by ¥ (32) =
I and p(3) = T2 are mutually inverse, i.e. @ o) is the identity function
on &z (L) and v o @ is the identity function on E(L).

Proof. Let L be a four-valued Lukasiewicz algebra and let =,y € L.

(1) Let 32: L — L be a 2/3-existential quantifier. We check that 33
satisfies conditions (M1)—(M4).

(M1) It is trivial because 320 = 0.

(M2) We show that < J5x using (MDP). From (A2) it is clear that
o1x < Joorx < Fx. Then o1z < 01352, Using (A3), (P7) and (A2) we have
O’ZEI;L' = 32011'\/32(011'/\_'01%) = 32 (011’ \Y (O'Z'CE AN _|0'1.’E)) = 320’1'1' Z o;x, for
i € {2,3}. Hence, by (MDP), x < F5z.

(M3) We must show that 35 (x A Fy) = 5z A F5y. From above, we
can assure that o;352x = Jooyz, for i € {2,3}. Using (P9) it is easy to see
that o332 = Jooqx holds. So, for i € {1,2,3} we have o;35 (x A Tby) =
320’1‘ (Z AN H;y) = 32 ((TiSC A JiEI;y) = 32 (CTZ'Z A Hgdiy) = 320’13’]/\320’1‘]; = (TZE';Z/\
o35y = o; (I3 A F3y). Hence, by (MDP), condition (M3) holds.

(M4) We already have shown that 0,35z = 30,2 for ¢ € {1,2,3}. Since
Box = ooy V Ja(oyx A —oyx) = Fooyx for i € {1,2,3}, it follows that
o35z = F5o,x for all i € {1,2,3}.

(2) Let 3: L — L be a standard existential quantifier. We need to check
that 3, satisfies conditions (A1)—(A6) of Definition 2.5.

(A1) 3,0 =30 A =3(=0 A 020) = 0.

(A2) Using (M2) we have Jy0;2 = oy A ~3(—o2 A oyx) = Joyx > o,
for ¢ € {1,2,3}.

(A3) Notice that in the above item we have proved that Jy0;2 = Jox
for i € {1,2,3}. So, using (M4) we have 0,320 = 0,3z A 0,3 (—x A oaz) =
Jdoyx A =3 (—oix A ogx) = Joyx A =30 = o,z = Feoyx, for i € {2,3}.

(A4) We prove that 3a(xATay) = FoxATay using (MDP). Let i € {1,2,3}.
Then

o;32(x A Fay) = oy [F(x A Fay) A =3(—(z A Tay) A oa(z A Tay))].
By (M4) we have

o;3a(x A Jay) = oz A oy Tay) A
A=I((—o;x A ooz A oaTay) V (mo; 3oy A oox A 0232y)).
(3.3)
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Since Jp0;x = Jojx for all ¢ € {1,2,3}, by (A3) it follows that o;3az =
Jdy0yx = Joyx, for all ¢ € {2,3}. Hence, from (3.3) and (M3) we obtain
0;3a(x A Joy) = oz A oiFay A 30V 0) = 0,30z A 0332y = 0:(Fax A Toy),
for i € {2,3}. For i = 1, note that o132y = Jo1y A =3(—o1y A o2y), thus
o132y € 3(L). So, from (3.3), (M3) and the fact that 3 preserves the join, we
can write o132 (x A Joy) as

dorx A o3y A (m3(—o1z A oex) V moTay) A (0130y V —Tosx V moTay).
Then, by applying the distributive law and taking into account that oq3:x =
Jdorx A —3(—o12z A o9x) we obtain
0'132(1' A Hgy) = ((0132y A 013233) V 0) A (alElgy V _‘30-233 V _|O'232y)
= Ulazy A\ 0'132% = al(Elgy A\ 32%)
(A5) By (M2), -3z < =z and so 3oz < —3(—z A g2zx) < =(—x A ogz) <
x V og(—x).
(A6) We will prove a(z V —o9x) < Jox V —Tgooz. By definition of Jo we
obtain
Io(z V —ogx) = Iz V mo2x) A -3 (—(x V —oaz) A oa(x V o)) a4
= 3J(z V —o2x) A =3(—z A o2z) = =3 (—x A o21) (34)
and
Tox V —Fgoox = [Fx A -3(—x A o2x)] V ~Josx
= [Fz V —Jogz] A [-3(—x A o3z) V —Toaz]
= [Fz vV ~Joez] A ~3(—x A 022). (3.5)
It is clear that =3z AJogx = I(—Fx Aogx) < F(—zAosex), then =I(—xAoex) <
Jx V =dosx which completes the proof.
(3) Let 32: L — L be a 2/3-existential quantifier. Then, for each z € L,

e(2)(x) = (F3)y & = [Foorz V Fa(x A mo12)] A ~Fa(—z A o2). (3.6)
We will use condition (MDP). First, by applying in (3.6) the distributivity
property, we obtain
e (F2)(x) = (Fao1x A ~Fo(—x A oax)) V (Fo(x A —orz) A =Fe(—z A 0az)) .

Then, by (P16) it follows that 1o (32)(x) = (eo12 A —IFa(—0o12 A 022)) V

0 = o1322. From (3.6), (P9), (A3) and (P7) we have o;0¢(32)(z) = 2oV

Iy(oix A —orz) = Fo (012 V (052 A —o1x)) = Teoyx = 0,322, for @ € {2,3}.

Therefore, by (MDP), ¢t (33) = Jo.

Now, let 3: L — L be an existential quantifier. So, for each x € L,
Yo(I)(z) = F5(x) = Foor2 V Jao(x A -0 2).

Since o012 = Joyz and Fa(z A —orz) = I(a A —orx) A =3(—x A o2z), using

the distributive law and the fact that 3 preserves the join, we obtain
Yo(I)(z) =z A [Forax vV -3 (—x A oa2)] . (3.7)

Then, by applying (MDP) to expression (3.7), we have 9p(3) = 3. O
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4. Connection Between 2/3-Quantifiers, Lattice Quantifiers and
Boolean Quantifiers

Given a bounded distributive lattice A, an operator 3: A — A is an existential
quantifier (see Cignoli [5]) provided it satisfies conditions (M1), (M2), (M3)
and

(M5) J(zVy) =Tz VIy.
Let (L,32) be a 2/3-monadic Ls-algebra and let us consider the set
In:={a€L: ocsa=0}={a€L:a<-a}={aN—a:a€ L}

It is clear that the set Iy, is a lattice ideal of L and therefore Iy, U {1} is
a bounded distributive lattice. Moreover, I, is closed under the operator Js.
Notice that if @ € Iy, U {1} and 3za =1 then a = 1.

Proposition 4.1. Let (L,33) be a 2/3-monadic Ly-algebra. Let 31 be the re-
striction of o to I, U {1}. Then 31 is an existential quantifier of bounded
distributive lattices.

Proof. We need to prove that the operator 3y satisfies conditions (M1)—(M3)
and (M5). Conditions (M1) and (M3) are straightforward. To show (M2), let
x € I U{l}. If z = 1, then 1 = 31. Suppose that = € I. So, ooz = 0
and then o1z = 0. Thus, o,z < ;322 for ¢ = 1,2. Now, by (A2) and (A3)
we have o3z < Joozxr = o3dex = o33jx. Hence, by (MDP), 2 < J;z. For
(M5) it is easy to check that if < y then J;x < Jry. So, it is clear that
Jrz vV 3ry < Jr(x Vy). Now, for the reverse inequality we use again condition
(MDP). If either z = 1 or y = 1 then (M5) holds. Suppose z,y € I;. So
xVy € I, and then 3y (xVy) € I1,. Thus, o137(xVy) = o231 (zVy) = 0. Hence,
0:31(x Vy) < o;(3rx Vv Iry) for i = 1,2. Now, for o3 we have o33;(z Vy) =
Ugag(x\/y) = 32(0’31'\/03y) = 320’3%\/320’3]; = agElleUgEIIy =03 (E'[.’b V E'[y)
Therefore 3;(x Vy) = 3z V Iry. O

Thus, we can conclude that the 2/3-existential quantifier 35 induces
both a Boolean existential quantifier 35,57y on B(L) and a lattice exis-
tential quantifier 3y on Ir. Let (L,33) be a 2/3-monadic Ly-algebra. Then
—x Aoex,x AN—ogx € I, for all x € L. Using (P13) we can rewrite the equality
(P18) as follows

ng = [320’21} AN _E'Q(_‘QIJ AN 0255)} V 32(% A _‘UQLC)
= [HB(L)JQ.’B A\ ﬁﬂ[(ﬁx A\ 0'23;‘)] \Y 3[(.%‘ AN ﬁJgCL’).
Hence, 32 can be expressed in terms of Jp(r) and J;. Now, we want to prove
a reciprocal statement of the previous result. In other words, if L is an Ly4-
algebra, dp: B(L) — B(L) is a Boolean existential quantifier and 3;: I, U

{1} — I U{1} is a lattice existential quantifier, can we define a 2/3-existential
quantifier from them? The following proposition answers to this question.

Proposition 4.2. Let L be an Ly-algebra. Let 3r: I, U {1} — I U {1} be a
lattice existential quantifier and let 3p: B(L) — B(L) be a Boolean ezistential
quantifier such that the following conditions hold:
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(1) o33rx = Igosz, for all x € Iy,
(2) Jrz =1 implies x = 1.
Then the operator 3o: L — L defined by
Fox = [Aposx A =31 (—x A oex)] V I (x A no2x)

is a 2/3-existential quantifier.

Proof. We need to prove that 3o satisfies conditions (A1)—(A6) in Definition
2.5. Let z,y € L.

(A1) It is immediate by definition.

(A2) Let i € {1,2,3}. So Ja0yx = [Fpox A =3 (—ox A ox)] V Ir(oz A
—ox) = dgox > ;2. Notice that if @ € B(L), then Joa = Jpa.

(A3) We need to prove that o;3o2 = Jp0;x for j = 2,3. By definition of
ds we have ajEngg = [330’2% A aj—EII(ﬂ:r AN ng)] \/O’jaj((E/\—!O'QQL') = [EIBng/\
04— ;3r(mx Aosx)] Vo3 (x A —osx). For j =2 or 3, it follows that 4 —j = 2
or 1. Since ~x Aoqx € Iy, it follows by condition (2) that o4—;37(~zAoz) = 0.
So, we obtain ¢;3sx = Igosx V 0;31(z A —oaz). Now, if j = 2 then oo3oz =
dpogax V oo31(x A —o9x) = goax = Joogx. On the other hand, for j = 3, it
follows from condition (1) that os3ox = Igosx V o33;(x A —o2x) = oz V
33(0’31‘ AN ﬁG’Q.’L’) =dp (0’2$ V (0'3217 A\ ﬁO’Q!L‘)) = dgosz = Jy03x.

(A4) To prove 3o (z A Joy) = Jox A Joy we use (MDP). On the one hand,
by (A3) and using that 3sa = Jga for all a € B(L), we have

HQ(LC VAN Hgy) :[HB(JQLC A HBUQy) A —‘31((—‘1' V —|E|2y) A (ng AN 330'22/))]\/
V 3r(z ATy A (mo2x V —Ipoay)).
On the other hand,
321’ N 32y = [[33021’ A\ _E'](_'IZZ N O’QZL‘)] V E'[(m A _\UQ.T)] A\
A [Bpoay A =3r(my Ao2y)] vV 31(y A —o2y)] .
Now, we apply the endomorphisms o1, 09 and o3. First,
o132 (x A Joy) =3poax A Ipoay A =Ip[—o1x A oz A Ipoay]A
A —3p[-o13oy A ooz A Tpoay].
Replacing Joy by its definition we have
o132 (x A Joy) = Iposx A Fpoay A —Ip(—o1x A oaz) A =3 (—o1y A o2y)
=01 (321‘ A Hgy) .
Now, let i € {2,3}. Then, o; (322 A Joy) = Fao;x A Jo0;y = Ipoz Aoy =
Ap (o2 Adpoyy) = 3 (032 A oyTFay) = Igo; (x A Tay) = 0,3 (x A Foy).

(A5) We prove Jox < zV =09z using (MDP). So, applying o1 we obtain
o1dex = dposx A ﬁﬂB(ﬁ(TlfL' A\ (TQCL‘) < ﬁﬂg(ﬁolx A\ JQLL‘) < ﬁ(ﬁO’ll‘ A\ 0'227) =
o1(x V —ogz). Now, let i € {2,3}. Since o;(x V —ooz) = 1 it follows that
;3 < oi(x V —oax).

(A6) By definition of 35 we have Ja(x V mo9x) = —=31(—x A o2z). Thus,

by condition (1), we obtain ¢132(x V —o2z) = =3 p(—o12 A o22). On the other
hand, 0'1(32.1‘ V ﬁﬂgO’Q(E) = ﬁﬂB(ﬁdll‘ N 0’2.’1,') V —dooox > ﬁﬂB(ﬁ(TlLL' A\ 0’237).
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Then o132 (xV-092) < 01(JexV—Ta0o2). It is straightforward to check directly
that 0;32(x V —oaz) < 0;(FoxV —TFa0oqz) = 1, for i € {2,3}. Hence, by (MDP),
we conclude Jo(z V —o9x) < Jox V —Ta0am. O

Proposition 4.3. Let 35 and 3, be two 2/3-existential quantifiers on an Ly-
algebra L such that coincide on B(L). Then 35 = 3.

Proof. It is a consequence of (A3) and (P16). O

Let L be an Ly-algebra. It is clear that o3(I1) is an ideal of B(L). Let
Ip := 03(11). Notice that the following property holds:

for each p € Ip there exists a unique ¢ € I, such that p = ost. (u)

Indeed, if p € Ip there exists t € I, such that p = o3t. Suppose that there
exists t’ € Iy, such that p = o3t’. Thus o3t’ = o3t and since both elements are
in I, we have o;t’ = ot for i € {1,2}. Then ¢t = ¢’ follows by (MDP).

Theorem 4.4. Let L be an L4-algebra.
(1) Let 39: L — L be a 2/3-existential quantifier. Then, for all p € B(L),
p € Ip implies I5(p) € Ip.
(2) Let 3: B(L) — B(L) be an existential quantifier of Boolean algebras.
Then 3 can be extended to a (necessarily unique) 2/3-existential quanti-
fier on L if and only if Ip € Ip whenever that p € Ip.

Proof. Ttem (1) follows immediately from (A3).

(2) Let 3: B(L) — B(L) be an existential quantifier of Boolean algebras
which satisfies the following property: p € I implies Ip € Ig. Notice that for
each z € L, by (L9), A ~x = (-x A o2z) V (& A moz) with =z A ogx € I,
and x A —ogz € Iy. Hence, 3(o3(—x A o2x)) € Ip and I(oz(xz A —o9x)) € Ip.
Therefore, by Property (u), there exist unique elements ¢, € I, and v, € I,
such that

Jos(—x A ogx) = o3t, and  Jog(xz A —02x) = 030,. (4.1)
We define the operator d5: L — L as follows:
Iy := (Fogx A —ty) V v,.

We claim that 35 is a 2/3-existential quantifier that extends 3. Indeed, if
x € B(L) then x = ooz and o3t, = 0 = 030, hence t, = v, = 0 and
Jox = (Jz A1) V 0 = Jz. Therefore, oz = Iz for all x € B(L). Now, we want
to prove conditions (A1)-(A6) of Definition 2.5.

Since 32 and 3 coincide on B(L), it follows immediately that conditions
(A1), (A2) and (A3) hold. For (A4), let x,y € L and let 2z := x A Joy. Then

oz A Joy) = Foz = (Foaz A —t,) V vy,

where t,,v, € I}, are the unique elements such that o3t, = Joz(—2z A 022) and
o3v, = doz(z A—09z). Moreover, Jox = (Josx A —t,) Vv, where t,, v, € I}, are
the unique elements such that o3t, = Jos(—xAoaz) and o3v, = Joz(xA—02x).

Now, we use the (MDP) principle to prove Ja(z AJay) = Joxz A Joy. First,

o1doz = (30’22 AN Ulﬁtz) V0 =dosz A ﬁﬂO’g(ﬁZ A\ (722). (42)
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Notice that Jooz = Joa(x A Joy) = I(o2x A Jooy) = Josx A Joay. Since

o3(—z AN ogz) = o3((—x V —Jay) A ooz A 0232y) =
[03(_\1' AN ng) A E'O'Qy] vV [0'21' AN _|U'15|2y AN 0'2321/],

it follows that Jo3(—zA02z) = J[oz(—~xAoax) Adoay]V I[oex Ao Tay Adoay].
Now, notice that 013y = o1 [Jooy A —t,] = Jooy A —ost, = oy A —3oz(—y A
o9y) € 3(B(L)). Then,

do3(—z A o2z) = [Fos(—x A oaz) A Joay| V [Foox A —o1T3ay A Toay] =
= [303(“1’ AN 021’) \Y (30’2‘% AN _|0'1§|2y)] AN Hdgy.

Hence, —Jo3(—z A 022) = [n03t, A (m3o22 V 0132y)] V =Joay. Therefore, by
replacing this term in (4.2) and taking into account that o130y < ooy =
ooy, we obtain o132z = Jogx AJoay A [(—ost, A (—Tox V o13ay)) V —TJogy| =
Jogx A—ost, AopTay. It is easy to cheek that o1 (JoxAJoy) = [(Joex A—ost,)V
01Vz) A 0139y = Jogx A most, A o132y = 01322z, On the other hand, o932 =
o9(JoazA—t,)V0 = o2z A1 = Joaz = Joa(xATay) = Josx Aoy = oa(Fax A
Foy), and similarly we have 03322 = do3z = Joz(x A Joy) = o3(Fox A Joy).

To prove (A5) we will use (MDP). Let x € L. So Jox = (Joaz A —ty) V vy
where t;,v, € I, are the unique elements such that ost, = Jos(—x A oax)
and o3v, = Jog(x A —o9x). Then o13x = (Joaz A —0osty) V 010, = oz A
—03t, = Jogx A =3 (—o1x A o22). Since —o1x A o < I(—o1x A 022) we have
—J(—o12 A ogx) < o1(xV —ogx)) and thus o1 Fex = Jogx A =3 (—o12 A ogz) <
—3(mo1z A o9x) < o1(z V —ogz). Since oj(x V mogx) = 1 for j € {2,3} the
proof is complete.

Finally, to prove (A6) let € L and let z := x V =o2z. Then

Io(xz V —o9x) = oz = (Jo2z A —t,) Vv,

where ¢,,v, € I, are the unique elements such that o3t, = Jo3(—z A 022) and
o3v, = doz(z A —o9z). Moreover

Jox = (Joox A —ty) V v,

where t,,v, € I, are the unique elements such that ost, = Jos(—x A oaz)
and o3v, = Jdoz(z A —o9x). It is easy to check that o9z = 1. Then v, = 0
and hence Joz = —t,. Moreover o3t, = o3t,, which implies t, = t,. Then
Jdyx = (Jo2x A —t;) V v,. Therefore, to prove (A6) we must show that

—t, < [(Box A —t,) V vg] V —3aoax,

which is true because [(Joox A —t,) Vv, |V —Taoex = —t, Vv, V ~Jaoex > it
O

5. Completeness Theorems for Monadic Four-Valued
Lukasiewicz Logics

In this section, we will prove a completeness theorem for the 2/3-monadic
four-valued Lukasiewicz predicate logic. To this purpose, we follow a similar
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approach to that used by Krongold in [13] for the development of the classi-
cal monadic functional calculus of first order. To define a 2/3-monadic four-
valued Lukasiewicz predicate logic, we use the axiomatization of the n-valued
Lukasiewicz propositional calculus given by Cignoli in [4].

Firstly, we give a brief overview of a completeness theorem for the monadic
four-valued Lukasiewicz predicate calculus corresponding to the standard uni-
versal quantifier. Due to a matter of simplicity throughout this section, we
shall deal with universal quantifiers instead of existential quantifiers. We prove
a completeness theorem for the monadic four-valued Lukasiewicz predicate cal-
culus corresponding to the dual of the quantifier 3 2, using the fact that both
quantifiers, the standard and the alternative one, are interdefinable.

In this part of the paper we shall consider an equivalent definition of
four-valued Lukasiewicz algebras to that given in Sect. 1. We use the char-
acterization of Lukasiewicz algebras in terms of symmetric Heyting algebras
given by Iturrioz in [12]. A four-valued Eukasiewicz algebra (see [12] and
[4]) can be also defined as an algebra (A, V,A,=,—,01,02,03,0,1) such that
(A, V,A\,=,,0,1) is a symmetric Heyting algebra [15] and o7, 09 and o3 are
unary operations that satisfy conditions (L2), (L4), (L6), (I.7) and
(L10) o1z VvV x =z,

3
(L11) oi(xz = y) = /\(ij = ojy), for 1 <i < 3.
J=1

In Sect. 3, a monadic four-valued Lukasiewicz algebra was defined as pairs
(L,3) where L is an Ly-algebra and 3: L — L is an existential quantifier. The
dual quantifier associated with the existential quantifier 3 is defined as usual
(i.e. V = —=3-). Thus, the class of monadic four-valued Lukasiewicz algebras can
be also defined as pairs (4,V) [1,2,7], where A is an Ly-algebra and V: A — A
is an operator, called universal quantifier, such that satisfies the following
properties: for every z,y € A,

(ML1) V1=1;

(ML2) Vo < x;

(ML3) Y(z V Yy) =V V Yy;

(ML4) Vo,x = oV, for 1 <14 < 3.

It is not hard to check that if V: A — A is an operator on an Ly-algebra A
and 3: A — A is defined by dz = =V—z for all x € A, then V is an universal
quantifier if and only if 3 is an existential quantifier. Moreover Vo = —3—z
for all z € A. Without loss of generality, we also denote by MIL, the class of
monadic Lys-algebras (M Ly-algebra) endowed with a universal quantifier. The
following proposition gives several classical properties on M L4-algebras.

Proposition 5.1. Let (A,Y) be an M Ly-algebra. For every a,b € A, the follow-
ing conditions hold:

(1) Y0 =0,

(2) a € Y(A) if and only if Va = a,

(3) (a/\b) Va A Vb,

(4) (B(L),V/p(v)) is a monadic Boolean algebra and¥(B(L)) = V(L)NB(L),
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(5) ¥Y(Va = b) = Va = Vb,
(6) V(A) is an Ly-subalgebra of A.

Proof. The proof is standard and it is ommited. O

A language L of a monadic four-valued Lukasiewicz predicate logic con-
sists of a single variable z, a countable set of unary predicate letters {P,, : n €
w}, a countable set of constant letters {a, : n € w}, the binary logic connec-
tives =, A, V, the unary logic connectives -, 01, 02, 03, the universal quantifier
V and the punctuation symbols (, ). We denote by Fm(L) the set of all formu-
las of £ defined as usual. We shall sometimes omit parentheses as long as no
ambiguity is caused. Given a formula «, we shall denote by «(t) the result of
substituting ¢ in « for every free occurrence of x, where t = z or t = a,,, for
some constant letter a,, of L.

Let (A,V) be a monadic Ly-algebra. A constant of (A,V) is an Ly-
homomorphism ¢: A — V(A) such that the restriction of ¢ to V(A) is the
identity function. We denote by Cy(A) the set of all constants of (A4,V). An
interpretation M of the language L is a system M = (A,V,v, h) where (A,V)
is a monadic Ly-algebra, v is a map from {P, : n € w} into A and h is a map
from {a, : n € w} into Cy(A). Each interpretation M = (A,V,v,h) induces a
map 0: Fm(L) — A defined recursively as follows:

P, (z)) = v(P,), for all n € w;

P (am)) = h(am)(v(Py)) = h(am)(@(Py(2))), for all n,m € w;

ao ff) =0(a) o 0(B) where o € {A,V =}

o) = o;0(a), for ¢ € {1,2,3};

~a) = ~5(0);

Vra) = Vo(a).

Notice that ¥(a(am,)) = h(am)(@(«a)) for every constant letter a,, of £ and
every a € Fm(L).

e o o o
Sy D D) D D)D)

= = = = = =

Definition 5.2. A formula o € Fm(L) is said to be:

(a) true in an interpretation M = (A,V,v,h) of L (in symbols M IF «) if
() =1

(b) logically valid in L if M Ik « for every interpretation M of L.

Let T' C Fm(L). If M I+ for every f € T we write M |- T.

Definition 5.3. A formula o € Fm(L) is logical consequence of a set I' C
Fm(L) (in symbols T' E ) if for every interpretation M of £, M I T implies
M IF a.

Proposition 5.4. Let (A,Va4) and (B,Vp) be monadic Ly-algebras and let
f+ A — B be an homomorphism. If ¢ is a constant of A, then c*: f(A) —
Vp(f(A)) is a constant of f(A) where ¢*(f(a)) = f(c(a)).

Proof. Tt is clear that (f(A),Vp) is a monadic subalgebra of (B, Vg). Moreover,
() = Va(cla)), thus f(c(a)) = F(¥a(c(a))) = V5 f(c(a)) € Vp(f(A)). To see
that ¢* is well defined (f can not be injective) it is enough to prove that for
every a € A, f(a) = 1 implies f(c(a)) = 1. Let us suppose that f(a) = 1.
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Then 1 = Vp(f(a)) = f(Va(a)) < f(c(a)) because Vaa < c(a). It easy t
see that ¢* is an Lj-homomorphism and the restriction of ¢* to Vg(f(A)
is the identity map, because ¢*(Vp(f(a))) = ¢*(f(Va(a))) = f(c(Va(a)))
f(Va(a)) =VgB(f(a)), for all a € A.

Proposition 5.5. A formula « € Fm(L) is logically valid if and only if « is
true in each interpretation (4%,¥, v, h) where

V@) = N fv) (5-1)

yeX

— O

for every f € 4% and each v € X.

Proof. Let @ € Fm(L). Suppose that « is not logically valid. So, there is
an interpretation M = (A,V,v, h) such that ¥(a) < 1. Then, there exists a
maximal monadic implicative filter U of (A4, V) such that ¥(«) ¢ U [1, pp. 78].
Then A/U is a simple algebra and so it is isomorphic to a subalgebra of 4% for
some nonempty set X [1]. Thus, there is a monadic homomorphism y: A — 4%
such that U = x71({1}). Let v* = yowv: {P, : n € w} — 4%. Now, let a,
be a constant letter of £. By Proposition 5.4, h(a,)* is a constant of x(A)
where h(a,)*(x(a)) = x(ha(ay)(a)). Since 4 is an injective algebra [2, p. 371]
and Y(x(A)) C Ly, it follows that h(a,)* can be extended to a homomorphism
h(a,): 4% — 4 such that h(a,) is a constant of 4%. Hence, we can define the
interpretation M* = (4% V. v* h) of £ where V is defined as in (5.1). It is
not hard to check that v* = x o 0. Then, we have that v*(a) = x(0(a)) # 1.
Therefore, a is not true in the interpretation M* = (4% ¥, v* h). O

Now, we propose the following set of axioms and rules of inference for
the monadic four-valued Lukasiewicz predicate calculus Lukj (V). The axioms
(A1)—(A16) correspond to an axiomatization of the four-valued Lukasiewicz
propositional calculus given by Cignoli in [4], which is an extension of the
classical intuitionistic calculus. Let us consider the following axiom-schemes,
where o & 3 is an abbreviation for (o = 8) A (8 = «).

(Al) a= (0= «)

(A2) (a = (B=17)) = ((a =)= (a=1))
(A3) a= (aVpP)
(Ad) = (aVp)
(AB) (a =)= ((B=17) = ((aVp)=1))
(A6) (aNpP) =«
(A7) (anp) =P
(A8) (0= §) = (0 =) = (a = (A7)
(A9) a & a
(A10) o1(a = B) & 01(=8 = —q)
(A11) oi(aVP) & giaVof, for 1 <i<3
3
(A12) oi(a = B) & N (0ja = 0;8), for 1<i<3

j=i
(A].?)) 0,050 = o;Q, for 1 S 7’7] S 3
(Al4) o100 = «
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( ) o0 & —oy—i—a, for 1 <4< 3

(A].G) oV oo

(A17) Vza = aft), with t =2 or t = a,

(A18) Va(a = B) = (o = Vz), if x is not free in «

( ) Vzo,a = oVxa, for 1 <i < 3.

The rules of inference are: Modus Ponens (MP), Generalization (G) and
(R1): a/o1ce. The notions of proof and proof from a set of formulas are the
usual ones. We write I' k-, « if there exists a proof of « from T" (we also say
that T' implies syntactically ) and, if T' = () we write simply . a.

Let Ly be the language corresponding to the four-valued Lukasiewicz
propositional calculus given by Cignoli in [4] (see also [2]) with a count-
able set Var = {¢q, : n € w} of propositional variables and let Fm(Lo)
be the algebra of formulas of Ly. A substitution of Loy in L is a function
s: Var — Fm(L). Notice that s can be uniquely extended to a function
5: Fm(Ly) — Fm(L) preserving propositional connectives. Thus, for every
interpretation M = (A,V,v,h) of £ and every substitution s of Ly in L, the
map v o3: Fm(Ly) — A is an Ly-homomorphism. A formula a € Fm(L) is
said to be an instance of a tautology if there exists a tautology 7 € Fm(Ly)
and a substitution s of £y in £ such that o = 5(7).

The proofs of the following two propositions are usual by an inductive
argument.

Proposition 5.6. Let o« € Fm(L) and let M = (A,V,v,h) be an interpretation
of L. Then,

(i) if v is an instance of tautology, then « is logically valid;

(i) if o is a sentence, then V(o) € V(A).

Proposition 5.7. (Soundness) Let I' U {a} C Fm(L). If « is provable from T,
then « is logical consequence of T'. In symbols, T -, « implies T E a.

Proposition 5.8. ([2, p. 480]) LetT' C Fm(L) and o, a1, aa, B, 01, B2 € Fm(L).

Then,

(Dl) IfF Fr (041 =4 51) andI' . (042 =4 52) thenT' . ((aloag) =4 (ﬁloﬁ2));
foroe {A,V,=}.

2) If Tk (e B) thenT b (ma & —f).

3) If Ttr (< B) thenT F¢ (0,00 < 040) for each i € {1,2,3}.

4) If T br (0;a0 = 00) for each i € {1,2,3}, then T bk, (o = 3).

5)

D
D
D
D5) If Tk, - then T kp (a = ).

(
(
(
(

The proof of the following proposition is a consequence from axioms (Al)-
(A19) and properties (D1)—(D5).

Proposition 5.9. Let o, 5,7 € Fm(L). Then,
(E1) bz oi(a= B) = (=8 = ~a);
(E2) a= BFs 8= —a;
(E3) bz ~(anp) & (maV=8);
(B4) bz ~(aVvp) & (naA=p);
(E5) Fr (a=Vzf) = Ve(a = 0), if x is not free in a.
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(E6) Fg V(o= B) © (o= Vb)), if © is not free in a.

(E7) bz V(o= B) = (Vea = Vaf).

(E8) ki Vza = (aV ).

(E9) Frz (aVvVzB) = Ve(aV B), if © is not free in a.
(E10) Fz oi(a = pB) = (0,00 = 0:0), fori € {1,2,3}.
(E11) b, oja = 0ja, fori,j € {1,2,3} and i < j.

(E12) kg Va(a A fB) & (Vea AVaf).

(E13) atr o, forie{1,2,3}.

(E14) b oVaa < Voo, fori € {1,2,3}.
(E15) a = Bt Vea = Vaps.

We define the following equivalence relation = on Fm(L) given by the
following prescription: for all «, 5 € Fm(L),
a=0 ifandonlyif . (a<epf).

For each o« € Fm(L), @ denotes the equivalence class of «. The Lindenbaum-
Tarski algebra F = (Fm(L)/=,A,V,=,—,01,02,03,0,1) is defined as usual,
with T := {a& € Fm(L) : 2 a} and 0 := —1. Hence, F is a four-valued
Lukasiewicz algebra [2,4].
In any L4-algebra A the following identities are satisfied (see [4]):
r=y=oc(x=y)Vy and a=b=-aVb

for all z,y € A and for all a,b € B(A). Then, these identities are satisfied in
the algebra F and thus we can obtain the following syntactical properties in
Luk} (V):
Proposition 5.10. Let o, 5 € Fm(L). Then,
(E17) bz (a = ) & (o1(a= B) V B);
(E18) k¢ (oia = 0y08) & (o V 0;8), for all i € {1,2,3}.
Corollary 5.11. Let o, 8 € Fm(L). Then,
(E19) Fz oVe(aV B) & o;(a VvV Vep), if x is not free in « and i € {1,2,3}.
(E20) kg Va(aV fB) & (aVVzp), if © is not free in a.
Proof. Let a, 8 € Fm(L) be such that z is not free in . Then, we have the
following proof of o;Va(a vV () < o;(a V VYV 5):

1. oVz(aV p) & Veo;(a V f) (E14)

2. oVz(aV B) & Va(oa Vo) (Equiv., Al1l, E15)

3. o;Vz(aV ) & Ve(—o;a = 0;8) (Equiv., E18, E15)

4. oVz(aV p) & (—oja = Voo;8)  (Equiv., E6)

5. oVx(aV fB) & (moya = oVz[F)  (Equiv., E14

6. o;Vx(aV B) & (o;aV oVe3) (Equiv., E18)

7. oVx(aV B) < oi(aV V) (Equiv., A11).

Hence, k¢ oV (aVp) < o;(aVvVz[), if x is not free in v and i € {1,2, 3}.

(E20) is a consequence of the previous fact and (D5.8). O

Proposition 5.12. The pair (F,V) is a monadic Ly-algebra, where F is the
Lindenbaum-Tarski algebra of L and ¥: Fm(L)/= — Fm(L)/= is defined by
Va = Vza, for each o € Fm(L).
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Proof. Notice that (E15) implies that the operation V on F is well defined,
i.e., if @ = B, then Ya = V3. We must check that conditions (ML1)-(ML4)
hold. Notice that 1 = @ = a. Then, from (A1) and (A17), we have that k.
Vr(a = a) & (o = «). Thus, VI = 1 and hence condition (ML1) holds.
Condition (ML2) is a consequence of (A17). Condition (ML3) can be deduced
from (E20). Finally, (ML4) follows from (E14). O

For every constant letter a, of the language £, we define the operation
cn: Fm(L)/= — Fm(L)/= by cp(@) = alay,) for each o € Fm(L). The
following proposition is straightforward, and thus we omit its proof.

Proposition 5.13. Let a,, be a constant letter of L. Then, the operation c,, is a
constant of the algebra (F,V)

Theorem 5.14. (Completeness) Let « € Fm(L). Then, « is logically valid if
and only if o is provable. That is, F « if and only if -, a.

Proof. The implication k. « implies F « is a consequence of Proposition 5.7.
Now, assume that « is a logically valid formula. Consider the interpretation
My, = (F,Y,v,h) of L, where (F,V) is the monadic Lj-algebra defined in
Proposition 5.12, v: {P, : n € w} — Fm(L)/= is the map given by v(P,) =
P, (z) and h: {ay, : n € w} — C(F) is defined by h(a,) = ¢, (see Proposition
5.13). We show that for every formula o € Fm(L), v(a) = @. We proceed by
induction.

o If « = P,(z), then ¥(P,(z)) =v(P,) = P,(z) =
o If « = P,(am), then U(P,(a,)) = h(am)(v(Pn)) = cm(Pr(x)) =
o If « = foy with o € {A,V,=1}, then ¥(B o) = v(8) o U(y)
foy=a
o If & = -3, then ¥(-83) = —0(B) = -3 = - = @;
o If a =08 fori € {1,2,3}, then ¥(0;8) = 0:8 = 0:0 = @;
o If a = Va3, then 3(VzB) = Vo(B) = VB = Va3 = @.
Thus, since M, is an interpretation of £ and « is logically valid, we have
1="17(a) = @. Hence k. a.

ol

?

! 8

)

oﬁ:

The next step is to prove a completeness theorem for the monadic pred-
icate calculus corresponding to the 2/3-existential quantifier. To this end, we
shall consider the dual 2/3-universal quantifier V% (for short, we write Va in-
stead of V%) of 32 defined as Vz = —32 .

Let A be an Ly-algebra. An operation Vo: A — A is said to be a 2/3-
universal quantifier if the following conditions are satisfied, for every x,y € A:

( ) Vgl = 1;

(U2) VYao,2 < oz, for i € {1,2,3};
(U3) Voo,2 = o;Vau, for i € {1,2};
(U4) Vg(x V ng) = VQIE \Y ng;

(Ub) z Aoy < Vau;

(U6) Vox N =Voogx < VQ(SU AN ﬁO’QLU).
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It is straightforward to check that an operation Vo: A — A is a 2/3-
universal quantifier if and only if the operation 35: A — A defined by Jox :=
—Vo—x is a 2/3-existential quantifier, and Voz = —3g—x. Thus, given an Ly-
algebra A and a 2/3-universal quantifier V5: A — A, without loss of generality
we can say that (A, Vs) is a 2/3-monadic L4-algebra. Moreover, since the quan-
tifiers 3 and 3 are interdefinable (Theorem 3.1), it follows that the quantifiers
Vo and V are interdefinable. More precisely we have

(I1) if (A,V) is a monadic Ls-algebra and we define Vox := VoV —V(-aVoax),
then (A,Vs) is a 2/3-monadic L4-algebra;

(12) if (A, V) is a 2/3-monadic Ly-algebra and we define Va := Vo032 AVa(zV
—03z), then (A,V) is a monadic Ly-algebra.

We consider the language Lo of a 2/3-monadic four-valued Lukasiewicz
predicate calculus that consists of the same symbols that £, except for the
symbol V which will be replaced by Va. We denote by Fm(L2) the set of all
formulas of Lo defined as usual. An interpretation M = (A, Vo, v, h) of Ly is
defined similarly to the corresponding notion of an interpretation of £ and the
same thing happens for the notion of constant of a 2/3-monadic L4-algebra
and we denote the set of all constants of (A4,V2) by Cy,(A). The following
proposition is a consequence of the equations given in (I1) and (I2).

Proposition 5.15. Let A be an Ly-algebra. Let ¥ be an universal quantifier and
Vo be a 2/3-universal quantifier, defined on A. IfV and Vs are interdefinable
by the equations in (I1) and (I12), then Cy(A) = Cy, (4).

Let us consider the map ®: Fm(L) — Fm(Ly) defined recursively, by
using (12), as follows. Let v € Fm(L):
o if = P,(t) with t =z or t = a,, then ®(«a) = a;
if @ = =0, then ®(a) = =P(5);
if o = 0,0 for i € {1,2,3}, then ®(a) = 0;P(5);
if o =pFonforoe {AV,=}, then &(a) = ®(5) o D(7);
if = Va8, then ®(a) = Vazoz®(5) A Vaz (P(8) V —o3P(5)).
Now, using the map ® and axioms (A1)—(A19), we propose a 2/3-monadic
predicated calculus on Lo as follows. Axioms (B1)—(B16) are the same that
axioms (A1)-(A16) on £ taking into account the formulas «, 3,7 € Fm(Lsy);
for a, B € Fm(Ls),
(B17) (Voxoza AVax(aV —o3a)) = at), with t =z or t = ay;
(B18) [Vazos(a = B) AVaz ((a = B) V —o3(a = 5))] =
= [a = (VaxosfB AVax (B V —o3f))], if 2 is not free in o
(Blg) [V2m03oia AN VQZC(G’iCk \ _\030'7;&)] = 0; [Vg(EO’gCK AN VQiE(O[ \Y _|O'30l)];
(B20) Voxa < [Vozoza A Vax(aV —osa)] V —Vaz(—a V oaq).

The rules of inference are Modus Ponens (MP), Generalization (G) and
(R1). Notice that axioms (B17), (B18) and (B19) are the image by ® of axioms
(A17), (A18) and (A19), respectively. Axiom (B20) is necessary to show that
® acts like a translator from L to Ly, see Proposition 5.18.

The binary relation =, is defined on Fm(Lz) in a similar way as the
relation = was defined on Fm/(L).
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Proposition 5.16. Let o € Fm(L). If v is provable in L, then ®(«) is provable
m L:g.

Proof. Let a« € Fm(L) be a provable formula in L. So, there is a proof

d1,...,0, of a. We show by induction that ®(d;) is provable in Lo for each
j=1...,n.

o It is clear that if §; is an axiom of £ then ®(J;) is an axiom of L.

e Assume that there are indexes 4,k < j such that J; is obtained from
0; and 0 = ¢; = 0; by (MP). So, by inductive hypothesis ®(J;) and
O (dx) = ®(6;) = D(J,) are provable in Lo, then by (MP) ®(4;) is provable
in Eg.

o Assume that there is an index ¢ < j such that §; is obtained from d; by
(G). That is, §; = Vad;. Thus, ®(0;) = VoxozP(6;)AV2z(P(d;)V-o3P(6;))
where by inductive hypothesis ®(4;) is provable in Lo. Then, we have the
following proof
1. (13(51) = 0'3(1)(51') (Taut)

2. &(3,) (Hyp)
3. 0'3@((51) (1,2, MP)
5. (I)((Sl) = (‘I)((SZ) V ﬁqu)((Si)) (BS)
6. (I)((Sl) V _|0'3‘I)((Si) (2,5, MP)
8. Voxag®(d;) A Vaz ((d;) V —o3®(d;)) (4,7, Conjunction).
Hence, ®(;) is provable in L,.
e Assume that there exists an index i < j such that §; is obtained from

0; by the rule (R1). So, ; = 016;. By inductive hypothesis, ®(J;) is
provable in Lo. Then, by (R1) we have that o1®(;) is provable in Ls.
Since 01®(6;) = ®(016;) = P(d;), it follows that ®(d;) is provable in
Lo. O

The following theorem can be proved without difficulty by the interde-

finability of the quantifiers V and V5 and so we omit its proof.

Theorem 5.17 (Soundness). Every provable formula in Ly is logically valid in

Lo.

(

11),
°
°
°
°
°

Let us consider the map ¥: Fm(Ly) — Fm(L) defined recursively, using
as follows. Let « € Fm(Ls):

if « = P,(t) with t =z or t = a,, then ¥(a) = a;

if a = =0, then ¥(a) = -V (5);

if « = 0,0, then ¥ (a) = 0,9 (f);

if o = oy with o € {A,V,=}, then ¥(a) = ¥(8) o U(y);

if o = Va3, then U(a) = Va ¥ (5) V -V (=T (5) V 0¥ (5)).

Proposition 5.18. Let o € Fm(L2) and 8 € Fm(L). Then,
(1) V() =2 «;
(2) ¥2(8) =p.
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Proof. We prove this proposition by induction. Let a € Fm(Ls) and 8 €
Fm(L).

(1) It is straightforward to prove that ®¥(a) =2 o when a = P,(t)
with ¢ = @ or t = ap,a = =y, = oy with i € {1,2,3} or @« = 71 072
with o € {A,V,=}. Now, suppose that o = Vaay. Thus, ¥(a) = VaU(y) V
=V (=U(v) V o2%(y)). Then, we have that

D) = [Fazos@U(7) AVar (DU () V 0300 ()] V
VaVazos (PP (y) V 02T (7)) A
A2z [(PT(y) V 02@T (7)) V o5 (mPT(y) V 02T (7))]] .
By inductive hypothesis ®W¥(v) =5 ~, then
PU () =5[Voxozy AVax(y V —o3v)|V
V —[Vazos(—y V oay) AVaz[(—y V o27) V —os(—y V 027)]].
Notice that Fz, o3(—=yV o27), then (=yVo2y)V —o3(—yVoay) =2 (—yVoay).
Hence, from (B20), we obtain
DU () =g [Voxogy AVax(y V m0o3y)] V —Vaoz (= V 02y) =2 Vaozy =2 a.

(2) It is straightforward to prove that ¥Y®(5) = 8 when 8 = P,(t) with
t=zort=an 8= =o0 withi e {1,2,3} or § = 71 0y, with
o € {A,V,=}. Now, we assume that § = Vzy. By definition of ® we have
D(8) = Voxoz®(y) AVox(P(v)V—03P(7)). Then, by definition of ¥, we obtain

V() = [Fao3UB(y) V ~¥a(~05TB(7) V 0205T(7))] A

AE(BD(7) V =03 DD (7)) V Y[ ~(BD(7) V 05 U ())

Vo (TP(y) V —a3 0P (v))]]
By inductive hypothesis ¥®(v) = v and thus, we have

UP(5) = [Veozy V -V (-osy V osy)] A
AVz(y V —0o37) V =Vz[=(y V —osy) V (027 V —037)]]
and so
Ud(B) = Veozy A [Va(y V —osy) V Vo (—y V oyy V —ogy)].

Then, by property (D4) of Proposition 5.8 and properties (E12) and (E14), we
have U®(3) = Vay. Hence ¥®(5) = (. O

Proposition 5.19. Let o € Fm(Lsy). If a is logically valid in Lo, then V() is
logically valid in L.

Proof. Let o« € Fm(Lz). Assume that « is logically valid in L£y. Let M =
(A,¥,v,h) be an interpretation of L. We need to prove that M I ¥(a).
We define the interpretation M* = (A, Vs, v*, h) of Lo where V5 is the 2/3-
universal quantifier defined by V as in (I1) on page 21 and v* := v. Note that
0: Fm(L) — A and v*: Fm(Ly) — A. Now, we show that (70 ¥)(8) = v*(0)
for all 8 € Fm(Ly). We proceed by induction.

o If 3= P,(x), then (Vo ) (P,(z)) =70 (¥(P,(x))) =0(P,(x)) =v(P,) =

v (Pn) = v*(Po(x));
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h(am)(v(Pn)) = ham) (0" ( n))::v*( (
o if f = =, then (Vo ¥)(—y) = (¥
v (=);
o if 3 zAafy Wit/l’\li € {1,2,3}, then (0o ¥) (o) =0 (¥(0sy)) = 00 (T(7))
= ov*(7) = v*(0:7);
o if B =% w1th * € {A,V,=}, then (Vo ¥) (71 x72) =0 (¥ (11 %72)) =
5 (W) # D (B()) = 0% () * 7 () = 0
o if B =Vouy, then (Vo \I/) (Vgx'y) =o(VzU(y)V ﬂVxA(—'\I/('y) v o2¥ (7)) =
VOU (7) V 2V (70 (7) V 0209 (7)) = V20 (v) = Vau*(7) = v*(V227).
Now, since a is logically valid in Ly, we have v*(a) = 1. Then 1 = v*(a) =
(Vo W) (o) =0 (¥(aw)). Therefore, ¥(a) is logically valid in L.

Theorem 5.20 (Completeness). Let o be a formula of Lo. Then, « is logically
valid if and only if o is provable in L.

Proof. Let a € Fm(L3) be logically valid. So, by the previous proposition,
U(«) is logically valid in £. Then, by Theorem 5.14, we have that ¥(«) is
provable in L. Now, by Proposition 5.16, we have that ®¥(«) is provable in
Lo and, from Proposition 5.18 we have ®¥(«) =2 «. Therefore « is provable
in £2.
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