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ABSTRACT ARTICLE HISTORY
We semantically define an intuitionistic bimodal logic through cer- Received 1 August 2024
tain neighbourhood structures. We call these neighbourhood struc- Accepted 9 April 2026

tures ic-frames. We propose a Hilbert-style axiomatisation and prove KEYWORDS

a completeness theorem with respect to the class of ic-frames. We Neighbourhood semantics;
introduce a class of algebras called concurrent Heyting algebras Kripke semantics;

and prove an algebraic completeness theorem for this class. We intuitionistic modal logic;
show a categorical dual equivalence between a category whose Heyting algebra;
objects are concurrent Heyting algebras and a category of Esakia completeness

spaces equipped with an ic-frame structure (see Section 6 for the

corresponding morphisms). We present an alternative relational

semantics for our logic through specific structures that mix Kripke-

semantics and neighbourhood-semantics for the interpretation of

the modal operators. We call these structures intuitionistic Kripke

Neighbourhood frames (IKN-frames). We show that the category of

IKN-frames with certain morphisms is isomorphic to the category of

ic-frames.

1. Introduction

This paper undertakes an algebraic and topological study of an intuitionistic modal
logic, denoted by A (H), with two modal operators: a normal modal operator [J and a
monotone modal operator (. As in many intuitionistic modal logics, the operators are
independent but linked through certain axioms or rules. The primary motivation for
studying this logic arises from several sources, which we proceed to explain.

The minimal modal logic K is an extension of the classical propositional logic by
means of a modal operator [] together with certain axioms and rules. The logic K is
usually interpreted using Kripke frames, i.e. pairs (X, S) where X is a setand Sis a binary
relation on X. If (P(X),s) is the full complex modal algebra of a Kripke frame (X, S),
where s(U) = {x € X : S(x) C U}, for each U € P(X), then a formula ¢ in the modal
languaje {Vv, A, —, 0, } is valid in (X, S) if and only if it is valid in (P(X),s) (Blackburn
et al.,, 2002). In other words, the logic K is precisely the logic generated by the class of
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full complex algebras
{(P(),0s) : (X, S) is a Kripke frame} .

In the classical case, the modal operator ¢ is interpreted as {s(U) = Cs(U)C. This
interdefinability of the modal operators does not persist in many non-classical logics,
in particular in extensions of intuitionistic logic Int. Consequently, there exist vari-
ous intuitionistic modal logics, depending on whether the language admits only one
operator or both, and on the possible semantic interpretations of these operators
(Bozi¢ & Dosen, 1984; Fischer Servi, 1980, 1984; Ono, 1977; Ortowska & Rewitzky, 2007;
Sotirov, 1980; Wijesekera, 1990).

Neighbourhood frames are a generalisation of Kripke frames and are generally used
as a semantic framework for non-normal modal logics (Celani, 2009; Pacuit, 2017). A
neighbourhood frame is a pair (X, N), where X is a non-empty set and N is a rela-
tion between X and P(X). Given any neighbourhood frame (X, N), one can define a
monotone modal operator

On(U) = {x:3Y e N(x) (Y € U)}. (1)

This definition yields a monotone modal algebra (P(X), On) called the full complex
algebra of the frame. The variety generated by the class of such algebras (P(X), On)
is the variety MonBA of monotone Boolean algebras (Celani, 2009; Pacuit, 2017).

Neighbourhood frames can also be used to interpret the modal logic K, although
this is not the standard approach. The normal modal operator (1 can be interpreted in
a neighbourhood frame (X, N) as follows: for each U € P(X) define

On(U) = {x [ VY e N(x) (Y € U)}. (2)

It is easy to see that (P(X),Uy) is a modal algebra. Hence, the modal logic K is also
characterised by the class of all neighbourhood frames, when the modal operator
O is interpreted according to clause (2). Thus neighbourhood frames can be used
to interpret both the modal logic K and the minimal monotone logic, or a mixture
of these two modal logics. In fact, the interpretation of the modal operators (1 and
¢ by means of the clauses (1) and (2), respectively, is not new. The literature con-
tains several modal logics in the language with both operators (1 and ¢, designed
to capture different notions: ability and action logics (Brown, 1988; Segerberg, 1997),
knowledge and belief logics (Askounis et al., 2016; Koutras et al., 2017) and dynamic
logic (Goldblatt, 1992; Vakarelov, 2012), as well as constructive approaches such as
those developed in Wijesekera (1990) and Wijesekera and Nerode (2005). In light of
the preceding considerations, a natural question arises: which variety of algebras in the
language with two unary operators [ and ¢ is generated by the class of full complex
algebras

{(P(X),0On, On) : (X, N) is a neighbourhood frame}? 3)

The answer can be found in Celani (2011), where the class of concurrent algebras is
introduced. A concurrent algebra is a Boolean algebra A endowed with two unary
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operators [1 and ¢ such that (A,[0) is a normal modal algebra, (A, ¢) is a mono-
tonic modal algebra, and certain additional conditions connect the operators (] and
¢ (in Celani, 2011 the operator ¢ is denoted by V). As shown in Celani (2011), the
variety of concurrent algebras is generated by the class of full complex algebras (3).
Its main motivation is that it provides the algebraic semantics for a simplified frag-
ment of Concurrent Propositional Dynamic Logic (CPDL) introduced by R. Goldblatt in
Goldblatt (1992). This fragment of CPDL is the same logic ¥ studied by M. Brown in
Brown (1988), and consequently, the variety of concurrent algebras also serves as its
algebraic semantics.

Hence, it is natural to consider some intuitionistic version of the logic #” or the simpli-
fied fragment of CPDL. This issue is the main objective of this paper. We introduce and
study an intuitionistic modal logic, denoted by A (H), with a normal modal operator
[0 and a monotone modal operator ¢. The logic A(H) is closely related to the modal
logics studied by Wijesekera in Wijesekera (1990), but we show that our logic differs
from the one presented there. A(H) is first semantically defined using structures of
the form (X, <,R), where (X, <) is a poset and R C X x Up(X), with Up(X) denoting
the set of all upsets of X (see in Preliminaries). We call theses structures (X, <,R) ic-
frames (see Definition 3.1). These frames generalise the neighbourhood frames used
in Celani (2011) to study the representation of concurrent algebras. Since we work in
an intuitionistic setting, the interpretation of the modal operators in ic-frames must be
modified (see Definition 3.1). However, when in an ic-frame the order < is the equality
we recover the concurrent frames defined in Celani (2011, Definition 4.1).

We propose a Hilbert-style axiomatisation for our logic, and we prove a complete-
ness theorem concerning the class of all ic-frames. We introduce and study a class of
algebras (called concurrent Heyting algebras) that serve as an algebraic semantics for
our logic. We develop a topological representation and a categorical dual equivalence
between the category of concurrent Heyting algebras with algebraic homomorphisms
and the category whose objects are Esakia spaces (Bezhanishvili, 2014) equipped with
neighbourhood-frame structure and whose morphisms are Esakia morphisms satisfy-
ing extra conditions. Concerning the algebraic and categorical aspects treated here,
we are strongly motivated by the results given in Celani (2011). We generalise several
concepts and results developed in Celani (2011).

This paper is organised as follows. In Section 2, we present some concepts and
introduce notations necessary for the article’s development. Section 3 defines spe-
cific neighbourhood structures, which we call ic-frames. Then we use the ic-frames to
define semantically an intuitionistic bimodal logic. We provide a Hilbert-style axioma-
tisation, proving its soundness and stating its completeness; the full proof of the latter
is developed in Section 5. In Section 4, we present the concurrent Heyting algebras
or CH-algebras, and then we prove that the logic given in Section 3 is complete with
respect to this class of algebras. We characterise the congruences of a CH-algebra
and give a necessary and sufficient condition for a CH-algebra to be subdirectly irre-
ducible. In Section 5, we present a representation theorem for CH-algebras using
ic-frames. According to Theorem 5.4, the variety CHA of CH-algebras is generated by
the class of complex CH-algebras. That is, if F = (X, <,R) is an ic-frame and Ar =
(Up(X),Og, Og) is the complex CH-algebra associated with F, then CHA = V({Ar :
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Fis anic — frame}). We use this representation theorem and the algebraic complete-
ness (Section 4) to prove the relational completeness announce in Section 3. Section 6
introduces a class of Esakia spaces equipped with an ic-frame structure. We called con-
current Esakia spaces. We show how to construct a concurrent Esakia space from a
CH-algebra and how to obtain a CH-algebra from a concurrent Esakia space. We define
the corresponding morphisms between concurrent Esakia spaces. Then we formally
define the category of CH-algebras with algebraic homomorphisms as morphisms and
the category of concurrent Esakia spaces. We prove that these categories are dually
equivalent. In Section 7, we present an alternative relational semantics for the logic
defined in Section 3 and prove a completeness theorem. For this, we define a new class
of frames called IKN-frames, and based on these, we present a new kind of topological
space called IKN-spaces. Also, we define morphisms between IKN-spaces and formally
define the category of IKN-spaces. Then we prove that this category is isomorphic to
the category of concurrent Esakia spaces. Section 8 presents some conclusions.

2. Preliminaries

In this section, we establish the foundational concepts and notation used in this article.

We assume familiarity with elementary concepts of category theory, such as cat-
egory, object, morphism, composition, isomorphism, (contravariant) functor, natural
isomorphism and equivalence between categories. Our main references for these top-
ics are Mac Lane (1998); Pierce (1991). Let C be a category. We denote by Ob(C) the
collection of all objects of the category C. If X, Y € Ob(C), we denote by Mc (X, Y) the
set of all morphisms between X and Y.

We assume that the reader is familiar with theoretical notions on distributive lattices
and Heyting algebras. Our main references for Order and Lattice Theory and Heyting
algebras are Balbes and Dwinger (1974); Davey and Priestley (2002). Let P (X) be the
set of all subsets of the set X. X—Y denotes the complement of Y C X, and when there
is no danger of confusion, we denote it by Y¢. Let (X, <) be a poset. For each Y C X,
let[lY)={xeX:dyeY(y <x)and (YI={xe X:dy € Y(x < y)}. We say that Y is an
upset of X (a downset of X) if Y =[Y) (Y = (Y]). If Y = {y}, then we write [y) and (y]
instead of [{y}] and ({y}], respectively. We denote by Up(X) the collection of all upsets
of X, and we denote by Do(X) the set of all downsets of X. If (X, <) is a poset, then
(Up(X),U,N, =, X, B) is a Heyting algebra (see Balbes & Dwinger, 1974) where

U V={xeX:l)NUCV} (+)

forevery U,V € Up(X).

Let (A, Vv, A, 0, 1) be a bounded distributive lattice. As usual, the partial order < asso-
ciated with A is defined as follows: for any x,y € A, x <y ifandonly if x Ay = x. A
subset F of Ais afilter of Aif 1 € F, Fis an upset, and x A y € F whenever x,y € F. We
denote by Fi(A) the set of all filters of A. Let X C A, the filter generated by X (i.e. the least
filter containing X) is given by Fg(X) ={a € A:3xy,..., xp € X(xX3 A--- AXxp < a)}. In
particular, Fg({x}) = [x). A proper filter F of A is a filter of A such that F # A. A prime filter
F of Aiis a proper filter of A such thatforalla,b € A,ifav b € F,thena € Forb € F.We
denote the set of all prime filters of A by X(A).
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We assume that the reader is familiar with the basic notions from topology. Our
main reference for General Topology is (Engelking, 1989). Let (X, <, 7) be an ordered
topological space, that is, (X, <) is a poset and (X, ) is a topological space. We set the
following collections:

C£(X): the collection of all closed subsets of X;

CP(X): the collection of all clopen (closed and open) subsets of X;
CtUp(X): the collection of all closed upsets of X;

CPUp(X): the collection of all clopen upsets of X;

C¢tDo(X): the collection of all closed downset of X;

CPDo(X): the collection of all clopen downset of X.

A Priestley space (see Davey & Priestley, 2002; Priestley, 1972) is an ordered topo-
logical space (X, <, 7) such that (X, 7) is a compact topological space and the Priestley
separation axiom is satisfied, which means that for every x,y € X such that x £ y there
exists a clopen upset U such that x € Uand y ¢ U. Priestley (1972) shows that there is
a dual categorical equivalence between the category of bounded distributive lattices
with {0, 1}-lattice homomorphisms and the category of Priestley spaces with order-
preserving continuous maps. We briefly sketch this dual equivalence and refer the
reader to Davey and Priestley (2002) and Gehrke and Van Gool (2024) for the missing
details. Let A be a bounded distributive lattice. Consider the set X(A) ordered by the
set-theoretical inclusion. Let a: A — Up(X(A)) be the map defined by

a(@) ={PeXA) :aeP)

which is an {0, 1}-embedding of bounded distributive lattices. Let 74 be the topol-
ogy on the set X(A) generated by the subbasis {a(a) : a € A} U{a(a) : a € A}. By
Priestley’s duality theorem, this construction yields a Priestley space (X(A),C, ta),
which is called the dual Priestley space of A. Let now (X, <,7) be a Priestley space.
Then (CPUp(X),N, U, @, X) is a bounded distributive space. Then, for all bounded dis-
tributive lattice A and all Priestley space X, we have that a: A — CPUp(X(A)) is an
isomorphism of bounded distributive lattice, and ¢: X — X(CPUp(X)) is an order-
homeomorphism (i.e. order-isomorphism and homeomorphism), where ¢ is defined
as follows: ¢(x) = {U € CPUp(X) : x € U} for all x € X. An important application of
Priestley’s equivalence is the topological characterisation of the filters of a bounded
distributive lattice, which shall be useful for us. If A is a bounded distributive lattice
and X is its dual Priestley space, then the lattices Fi(A) and C£Up(X) are dually isomor-
phic. More precisely, if F € Fi(A), then F = {x € X : F C x} € C£Up(X). Conversely, if Y e
CtUp(X), the set Fy ={a € A:Y C a(a)} € Fi(A). Moreover, for every F € Fi(A) and
Y eClUp(X)wegetF =FyandY = Fy. Furthermore, a straightforward computation
shows that for every F, G € Fi(A), F C Gifand only if G C F.

Priestley’s equivalence for bounded distributive lattices can be extended to obtain
a dual categorical equivalence for Heyting algebras. Esakia independently devel-
oped a categorical duality for Heyting algebras through certain ordered topological
spaces (Esakia, 1974), called nowadays Esakia spaces. His spaces are special Priest-
ley spaces. We sketch this duality. We refer the reader to Bezhanishvili (2014) and
Esakia (1974, 2019) for more details about the duality of Heyting algebras.
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Esakia space is a Priestley space (X, <,t) such that for every U e CP(X), (U] €
CP(X). Then (CPUp(X),U,N,=, X, @) is a Heyting algebra, where = is defined as in
(ic). The Esakia space associated with a given Heyting algebra (A, A, v, —,0, 1) is the
dual Priestley space (X(A), C, ta) of A. Moreover, the map a: A — CPUp(X(A)) is an
isomorphism of Heyting algebras (i.e. it satisfies a(a — b) = a(a) = a(b)). Now we
proceed with showing that the dual correspondence holds for morphisms as well. A
morphism between Heyting algebras is a Heyting homomorphism, that is, a map pre-
serving the operations A, v, —, 0 and 1. Let (X3, <1) and (X2, <2) be posets. A map
f: X7 — Xy is called a p-morphism if satisfies:

@ x <7 ythenf(x) <z f(y),
(b) f(x) <3 uthen there existz € Xj such thatx <1 zand f(z) = u.

Let (X1, <1,71) and (Xy, <», 1) be Esakia spaces. An Esakia morphism is a map
f: X; = Xy such that it is a p-morphism and continuous. If f: X; — X5 is an Esakia
morphism, then f*: CPUp(X2) — CPUp(X;) defined as f*(U) = f~' (U) is a Heyting
homomorphism. Conversely, if A1 and A, are two Heyting algebrasand h: A1 — Ay isa
Heyting homomorphism, the map h,.: X(A;) — X(A;) defined by h, (x) = h~'(x) is an
Esakia morphism. With these, it is straightforward to show that the category of Heyting
algebras with Heyting homomorphisms is dually equivalent to the category of Esakia
spaces with Esakia morphisms.

We close this section with the construction of a hyperspace of a Priestley space. We
refer the reader to Bezhanishvili et al. (2023). Let (X, <, 7) be a Priestley space. Let us
define a topology on C¢Up(X). For every U € CPUp(X) and for every V € CPDo(X),
we define the following sets:

Dy={YeCtUpX):YCU} and Ly={YeClUpX):YNV #@}
Let 7, be the topology on C£Up(X) generated by the subbasis:
{Dy: U e CPUp(X)} U{Ly :V € CPDo(X)}
It is straightforward to show that

(1) DU1 U DU2 - DU]UUZ and
(2) LV] ) LVZ = LV‘]UVZI

forall Uy, U, € CPUp(X) and for all V4, V5 € CPDo(X).

In Bezhanishvili et al. (2023, Propositions 3.2 and 3.4), the authors proved that if (X, <
,T) is a Priestley space, then the hyperspace Hy(X) = (C£Up(X), C, z,) is also a Priestley
space.

3. Syntax and neighbourhood semantics

In this section, we define a semantics for an intuitionistic modal logic with two modal
operators. We then present a Hilbert-style axiomatisation for this logic and establish its
soundness and completeness.
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Our algebraic language is £ = {A,Vv,—,[0,0, L} of type (2, 2, 2, 1, 1, 0), and let
Fm be the algebra of formulas built over countably many propositional variables Var
as usual. We denote the elements of Var by p,q,r,... and the elements of Fm by
©, W, x,... Forus, alogicis a subset A of Fm. The elements of a logic A are called
theorems of A.

We now present one of the central notions of this article: the intuitionistic concurrent
frames. An intuitionistic concurrent frame consists of a set X, whose elements are called
states, a partial order <, and a relation R relating states with sets of states, i.e. R C
X x P(X). We use the class of all intuitionistic concurrent frames to define a logic that
is a conservative extension of intuitionistic propositional logic.

Definition 3.1: An intuitionistic concurrent frame (ic-frame) is a structure F = (X, <
,R) where (X, <) is a poset, and R C X x Up(X) is a relation satisfying the following
condition:

Vx,y e X\)(VY € Up(X)), ifx < yandY € R(x), then (ic)
there exists Z € Up(X) suchthatZ € R(y)andZ C Y.

We note that our frames lie within the neighbourhood structures, which can be
used to model (non-normal) modal logics. We refer the reader to Pacuit (2017) and
Sotirov (1980) for more details on neighbourhood semantics for modal logic.

Let us denote by ICF the class of all ic-frames. Let 7 = (X, <,R) be an ic-frame. A
valuation on F is a function v: Var — Up(X). A pair M = (F,v) is called an ic-model if
Fisanic-frame and vis a valuation on F. We define recursively the satisfaction relation
I as follows:

M, xlFp > x ev(p);

M, x ¥ L (ie.not M,x I+ L);

M, xlFp Awe M, xIFpand M, x Ik y;

M xlFoVvyes MxlEgpor M, xIF y;

M, xlkop - ywoVx > xif M,xX |k ¢, then M, x" |- y;

M, xIFOps VX >x, VY € R(X) itfollowsthat M,y - e Vy e Y.
M, x IF Qp=3Y € R(x) suchthat M,y I ¢, ¥y € Y.

As usual, we say that a formula ¢ is valid or true in a state x if M, x I ¢, and ¢ is
valid in an ic-model M, denoted by M I ¢, if M, x I ¢ for all states x. Also, we say
that ¢ is valid in an ic-frame F, if for all valuations v, (F, v) I ¢; in this case, we denote
it by F IF ¢. By induction on the construction of the formulas and by condition (ic),
it is straightforward to show that the satisfaction relation I satisfies the monotonicity

property:
if M, xIF g andx’ > x, then M, X" I ¢.

We provide the proof for the ¢ case and leave the rest to the reader. Assume that ¢
satisfies the monotonicity property. Suppose that M, x IF Q¢ and x’ > x. Then there is
Y € R(x) such that M,y I ¢ forall y € Y.Since Y € R(x) and x < x/, it follows from (ic)
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that there is some Z € R(x") suchthatZ C Y.ThusZ € R(x’) and M, z I ¢ forall z € Z.
Hence, M, X" I+ Q.
Let us denote by A (ICF) the logic defined by the class of all ic-frames. That is,

A(CF) ={p e Fm: F I ¢ forall F € ICF}.

The definition of I coincides with the one given by Wijesekera in Wijesekera (1990,
p. 295), although our frames differ from his. Thus, the logic defined by the class of ic-
frames is distinct from the propositional logic given in Wijesekera (1990, p. 295).

Example 3.2: The formula ¢.L — L is a theorem of the logic given in Wijesek-
era (1990, p. 295). However, it is not a theorem of A(ICF). Let X = {x} and R(x) = {#}.
Then F = (X, <,R) is an ic-frame. Let v be any valuation and M = (F, v). It follows
trivially that M, x I {_L because there exists # € R(x) such that M,y I L forally € @.
Hence, since M, x ¥ 1, we have that M, x ¥ {01 — 1.

We propose a Hilbert-style system for the logic A (ICF). Let us consider the following
Hilbert-style system H.
Axioms:

(I
(K
(Koo
(DB

Axioms of intuitionistic propositional logic.
Ulp = y) = U — Uy).

Ul = y) = (Op = Q).

(OT - Op) — Le.

= =0

Rules of inference:

%
mpy 222V Ny 2
y U
Let A(H) be the logic defined by the Hilbert-style system H. That is, A(H) is the
smallest set of formulas containing axioms (1), (K), (Kgp) and (DB), and closed under

substitutions and the inference rules (MP) and (N). Given a formula ¢, we denote -y ¢
whenever ¢ € A(H).

Proposition 3.3: Let g, v € Fm. Then,

(1) If= @ — w, thent Op — Q.
(2) Fr @p AQw) = Op A ).
B) Fr Olp = w) = o — Oy).

Proof: Recall that IPL means intuitionistic propositional logic.
(1) This is a consequence of (N), Axiom (Kgg), and by (MP).
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1. 9> (v > p) Axiom IPL

2. (w—>9)> (v > (pAw)) Theorem IPL

3. Op - O(y — 9) 1.,(N), (K) and (MP)

4. Uy = 9) > Uy = (9 Ay)) 2,,(N), (K) and (MP)

5 Oy = (@Ay) > Oy = Olp Ay))  Axiom (Kop)

6. Op — (Qy = Ol Aw)) 3., 4.,5.and theorems of IPL

7. e AQy) = Olp Ay). From 6 by IPL.

3)

1. @Al — y)—> OeAlp—y) By
2. (pA(@—> W) >y Theorem IPL
3. O@Alp—y)— Oy 2, (N), (Kgo) and (MP)
4. Op A0(p = w)) = Oy 1.,3. and theorems of IPL
5 Olp = w) — (o — Ow) 4. and theorems of IPL.

Now, our goal is to prove that the logic A (H) is sound and complete with respect to
the class of all ic-frames. The proof of soundness, as usual, is routine, and we leave the
details to the reader.

Proposition 3.4 (Soundness): A(H) C A(ICF).

However, the proof of completeness (that is, the inclusion A(ICF) C A(H)) is often
more complex. At the end of Section 5, we prove this inclusion (actually the identity)
using algebraic techniques. We state it here to continue studying the logic A(H).

Theorem 3.5 (Neighbourhood Completeness): A(H) = A(ICF).

In Wijesekera (1990, pp. 294-295), Wijesekera introduces a propositional logic
through a Hilbert-style system and a semantics, proving soundness and completeness.
Let us denote by A (W) the logic of Wijesekera defined by the following Hilbert-style
system:

Axioms:

) Axioms of intuitionistic propositional logic.
) Ulg = ) = (Ue — Uy).

) Olg = w) = (Op = Op).

iv) @p A0 — ) = Ov.

) 0L — L.

) =(0T) » OL.

) (OT — Op) — Oe.
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Rules of inference:

(MP) (N) if ¢, then —gp.

o oY
W

It is clear that A(H) C A(W). Since A(H) = A(ICF), it follows from Example 3.2 that

the logics A(H) and A(W) are different. Nevertheless, we show that these logics are

closely related. Notice that, similar to the proof of item (3) in Proposition 3.3, one can

prove that Axiom (iv) is derivable from the other axioms.

Proposition3.6: A(W)=AH+ 0L — 1).

Proof: Itis enough to show that Axiom (vi) =(0T) — O is derivable from the other
axioms. First, recall that in IPL —¢ = ¢ — L. We have the following proof:

1. T ->01L)—>0L Axiom (vii)

2. 1 —->0L Axiom of IPL

3. L->0L) > (0T » 1L)—> (0T - OL)) theorem of IPL

4., (OT-> L1L)-»> QT ->0L0) 2.,3,and MP

5. 0T > 1)->0L 1.,4.,and theorem of IPL.

4. Concurrent Heyting algebras: an algebraic semantics for A (H)

In this section, we introduce the notion of a concurrent Heyting algebra as a general-
isation of the concurrent algebra defined in Celani (2011) (Definition 3.1). We prove
that the logic A(H) is sound and complete with respect to the class of all concur-
rent Heyting algebras. Furthermore, we characterise the congruences of a concurrent
Heyting algebra and give necessary and sufficient conditions for such an algebra to be
subdirectly irreducible.

Definition 4.1: A concurrent Heyting algebra, or CH-algebra for short, is an algebra
(A,O,0), where A = (A, V, A,—,0, 1) is a Heyting algebra, and [J, $: A — A are unary
operators on A satisfying the following conditions: forall a, b € A:

H1) O(a A b) =Oa A Ob,
2) 01 =1,

3) O(a— b) < Qa— Ob,
H4) 01 — Oa < Oa.

(C
(CH
(CH
(C

Heyting algebras with a unary operator [ satisfying (CH1) and (CH2) have
been studied in several papers (see, e.g. Hasimoto, 2001; Wolter, 1997; Wolter
& Zakharyaschev, 1997).

From condition (CH3), it follows that the operator ¢ is monotone; i.e. if a < b, then
Oa < Ob, becauseifa < b, thena — b= 1.Thus1 =01 =U(a — b) < ¢a — Ob.
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Let CHA denote the class of all CH-algebras. Note that identities can equivalently

replace the conditions (CH3) and (CH4). Hence, the class CHA is a variety of algebras
(Burris & Sankappanavar, 1981).

Remark 4.2: Recall thata concurrentalgebrais atriple (A,[J, $) such that Ais a Boolean
algebra, the modal operators satisfy conditions (CH1), (CH2) and (CH3) of Definition 4.1,
and the additional condition (C2): J0 v {1 = 1 (see Definition 3.1 in Celani, 2011). We
now show that conditions (CH4) and (C2) are equivalent when A is a Boolean algebra.
Assuming (CH4) holds, by setting a = 0, we obtain

01— 00 =-{1 v o < [Jo.
Thus

O1v =01 v 0 < O1 v OO,

which simplifies to (C2). Conversely, assume (C2) holds. Then ={1 < [J0. Hence,

=01 v Oa < 00 v Oa = Oa,

proving (CH4). We have thus shown that the notion of a concurrent Heyting algebra
generalises that of a concurrent algebra.

Proposition 4.3: Let A be a Heyting algebra and let ], : A — A be maps.
() IfO1 =1, then
O(a A b) =0a AObifand onlyif D(a — b) < Oa — Ob.

(I) IfOand { are monotone, then the following are equivalent:
(1) O(a@a — b) < Ga— Ob.
(2) Oan b < O(anb).
(3) O(a— b) <Oa— Ob.

Proof: (1) This follows straightforwardly from the basic properties of Heyting algebras.
(I) See Nagy (2023, Lemma 2.1.2). |

We present an example of a finite CH-algebra.

Example 4.4: LetA = (A, Vv, A, —,[0, Q) be the algebra where the diagram on the left
defines the lattice structure, and the other operators are defined by the tables shown
below.
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1
— 10 a b ¢ d 1 Ol o
c d oj1 1 1 1 1 1 0|6 a
alb 1 b 1 1 1 al b |a
bld 1 1 d 1 1 b|b|d
b a c|0 d b 1 d 1 clbld
d|lb ¢ b ¢ 1 1 dl c|a
110 a b ¢ d 1 111]d
04

The reader can easily check that A is indeed a CH-algebra.

The following are two important examples of CH-algebras. Our first example
presents an extension of the concurrent frame notion introduced in Definition 4.1 in
Celani (2011).

Example 4.5: Let (X, <, R) be an ic-frame. We define two unary operators on Up(X) as
follows. For each U € Up(X), let

r(U) = (x e X: Yy >x, VY € Ry)(Y C U)}
Or(U) = {x € X :3Y € RX)(Y C U)}.

Then the algebra (Up(X),U,N,=,0g, Or, ¥, X) is a CH-algebra. Indeed, we already
know that (Up(X), N, U, =, @, X) is a Heyting algebra. It is straightforward to show that
Or(U) € Up(X) for all U € Up(X), and that (g satisfies conditions (CH1) and (CH2). Let
U € Up(X). We prove that Og(U) € Up(X). Let x,y € X be such that x € QOr(U) and x <
y. Then there exists Y € R(x) such that Y C U. By condition (ic), there exists Z € Up(X)
such thatZ € R(y) and Z C Y.Then Z C U, which implies y € Og(U).

(CH3) Let U,V € Up(X) and x € CDr(U = V). We prove that [x) N QOr(U) C Or(V). Let
y € [x) N Op(U). Then there exists Z € R(y) such that Z C U. Since x <y, Z € R(y), and
since x € r(U = V), itfollowsthatZ C U= V.ThenZN U C V,and since Z C U, we
getthatZ C V.Thusy € Ogr(V).

(CH4) Let U € Up(X) and x € Op(X) = Ogr(U). Thus [x) N Or(X) C Lr(U). We prove
that x € Og(U). Lety > xand Y € R(y). Then y € [x) N Or(X), which yields y € CIg(U).
Therefore, x € Cg(V).

Let F = (X, <,R) be an ic-frame. The algebra Ax = (Up(X), g, Or) is called the
complex CH-algebra associated with F. In the next section, we show that every
CH-algebra can be embedded into a complex CH-algebra.

As mentioned earlier, the interpretation of the operators ¢z and (g in an ic-frame
(X, <, R) extends the modal operators defined in Celani (2011). Indeed, when the order
< is the identity, the operator Ly is given by

Or(U) ={xeX: VY eRX(Y CUY},

for every U € P(X). Likewise, the interpretation of ¢g(U) (denoted by Vz(U) in the
notation of Celani, 2011) is the same.
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Example 4.6: Recall that Fm denotes the algebra of formulas on the algebraic lan-
guage L = {A,V,—,[0,0, L}. Let A be any extension of the logic A(H). We define
the binary relation = on Fm as usual:

a=f ifandonlyif a < feA.

Since A contains all theorems of intuitionistic propositional logic, it follows that = is
an equivalence relation on Fm compatible with the intuitionistic logical connectives A,
v,and — (see Section 1.4 in Galatos et al., 2007). By axioms (K) and (Ko¢), and the infer-
ence rules, it follows that = is also compatible with the operations [(Jand ¢. Hence, =
is a congruence on the algebra of formulas (Fm, A, v, —, [0, ¢, L, T). Theniitis straight-
forward to show that (Fm/=, 0, {) is a CH-algebra. The algebra (Fm/=, ], {) is called
the Lindenbaum-Tarski algebra of the logic A.

Now we present the definition of a homomorphism between concurrent Heyting
algebras. For the algebraic notions of trivial algebra, congruence, simple algebra, and
subdirectly irreducible algebra, we refer the reader to Burris and Sankappanavar (1981).

Definition 4.7: Let (A, (4, Oa) and (B, g, Og) be two concurrent Heyting algebras. We
say that a homomorphism of Heyting algebras h: A — Bis a homomorphism of concur-
rent Heyting algebras if h(a(x)) = Ogh(x) and h(Qa(x)) = Ogh(x). An embedding of
CH-algebras is an injective homomorphism of CH-algebras.

Let A = (A, [0, ) be a concurrent Heyting algebra. Let us denote by ® (A) the set of
all congruence relations on A. That is, @ € © (A) if  is compatible with the operations
A, V,—,Oand O. Let ®0(A) be the set of all congruences of the algebra (A, (), that is,
6 € Og(A) if it is compatible with A, v, —, and . It is well known that the set of con-
gruences of an algebra, ordered by the set-theoretical inclusion, is a complete lattice.
An open filter of A is a filter of A that is closed under [J, i.e. for all a € A, if a € F then
Oa € F. Let us denote by F(A) the lattice of all open filters of A. Let a € A. We define
recursively (1"a for all n € N U {0} as follows:

%a=a and O"'g=00"a).

Since O is an operator satisfying (CH1) and (CH2) and A is a Heyting algebra, the lat-
tice ®g(A) is isomorphic to F(A). This result can be found in either Hasimoto (2001,
Proposition 2.1) or Wolter (1997, Proposition 1.6).

Proposition 4.8: Let A = (A, [0, O) be a concurrent Heyting algebra. Then f : Fq(A) —
Oo(A) defined by f(F) =6 ={(a,b):(a— b) A(b— a) € F} is an isomorphism
between the complete lattices F(A) and ®g(A). The inverse map is given by g : ® (Ag) —
Fo(A) definedas g(0) = Fp = {a € A: af1}.

Proposition 4.9: Let A = (A, J,0) be a concurrent Heyting algebra. Then ®(A) =
Oo(A);ie. 0 is a congruence of (A, 1, §) if and only if 0 is a congruence of (A, ).

Proof: It is obvious that every congruence of the algebra (A, [0, {) is a congruence of
(A,[J).Hence ®(A) C On(A).Letd € ®g(A) and let (a, b) € 6. It only remains to show
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that (Oa, Ob) € . By Proposition 4.8, Fy is an open filter of A, and 6, = 6. Thus (a —
b), (b — a) € Fg, which implies that ((a — b), (b — a) € Fy. Since Fy is a filter and
A satisfies condition (CH3), it follows that ((0a — Ob) A (Ob — $a)) € Fy. Therefore,
((Oa — Ob) A (Ob — Oa), 1) € 6. Since 0 is compatible with A, we have that

©Qan (©a— Ob) A (Ob— $a),0a) ed, and
(Ob A (Oa — Ob) A (Ob— Qa), Ob) € 6.

Since A is a Heyting algebra, the following equalities hold: a A (0a — 0b) A (Ob —
Qa) = 0a A Oband Ob A (QOa — Ob) A (Ob — OQa) = Oa A Ob. Then it follows that

Qandb,Oa)ed and (Qan Ob,Ob) € 6.

Hence, (Oa, Ob) € 6, which shows that 9 € ©(A). |
The following result is an immediate consequence of the previous proposition.

Proposition 4.10: Let A = (A, [T, O) be a concurrent Heyting algebra. Then

(1) Aissimpleif and only if (A, ) is simple.
(2) Aissubdirectly irreducible if and only if (A, 1) is subdirectly irreducible.

There is a necessary and sufficient condition for an algebra (A, [J), where A is a Heyt-
ing algebra and [0 is an operator on A satisfying (CH1) and (CH2), to be subdirectly
irreducible (see Proposition 1.6 in Wolter, 1997).

Proposition 4.11 (Wolter, 1997): Let A = (A,[J) be an algebra such that A is a Heyt-
ing algebra and (1 is a unary operation on A satisfying conditions (CH1) and (CH2). If A is
non-trivial, then A is subdirectly irreducible if and only if there exists a € A, a # 1 such that
forallb € A, b # 1thereexistsn € NU {0} suchthat(I°b AO'b AP A --- A Tb A
0" < a.

This result, together with Proposition 4.10, yields a necessary and sufficient condi-
tion for a CH-algebra to be subdirectly irreducible.

Proposition 4.12: Let A = (A, [, ) be a non-trivial CH-algebra. Then A is subdirectly
irreducible if and only if there exists a € A, a # 1 such that for every b € A, b # 1 there
existsn € NU {0} suchthat 1°b AO'O AP A --- A" b AD < a.

We close this section by proving that the logic A(H) is sound and complete con-
cerning the class of all CH-algebras. Let A be a CH-algebra. We denote by Hom(Fm, A)
the set of all algebraic homomorphisms from the algebra of formulas Fm into A. We
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define the relation I as follows: for every formula ¢ and every CH-algebra A,
AFE ¢ & Vh e Hom(Fm,A) h(p) =1. (4)

We say that a formula ¢ is valid in a CH-algebra Aif AE ¢. We write CHAE ¢ if AF ¢
for all A € CHA. We consider the logic

A(CHA) = {p € Fm : CHA F ¢}.

Now we are ready to prove the first completeness theorem for the logic A (H) defined
by the Hilbert-style system H.

Theorem 4.13 (Algebraic completeness): A(H) = A(CHA).

Proof: It is routine to show that, from the conditions defining CH-algebras, it follows
that A(CHA) contains the axioms (I), (K), (Kgp) and (DB), itis closed under substitutions
and the rules (MP) and (N). Hence A(H) € A(CHA).

Now let us prove that A(CHA) C A(H). This is a consequence of a standard argu-
ment in algebraic logic by building the Lindenbaum-Tarski algebra of the logic A(H).
We sketch the proof and leave the details to the reader. Let ¢ ¢ A(H).Let (Fm/=,0, O)
be the Lindenbaum-Tarski algebra of the logic A(H). By Example 4.6, we know that
(Fm/=,0, ¢) € CHA. It is easy to show that a/= = T /= if and only if a € A(H), for
all formula a. Then we have the natural homomorphism h: Fm — Fm/= such that
h(p) = ¢/= # T/=.Hence, ¢ ¢ A(CHA). Therefore, A(CHA) C A(H). |

5. Representation and relational completeness

In this section, we develop a representation for the class of CH-algebras through the
class of ic-frames. In other words, we show that every CH-algebra is embeddable into
the complex CH-algebra associated with an ic-frame. Then we use this representation
to prove that the logic A(H) is complete with respect to the class of all ic-frames.

Let (A, 0, O) be a CH-algebra. Recall that X(A) denotes the collection of all prime
filters of A. Also, recall that for every F € Fi(A), F = {x € X(A) : F C x}. We define the
relation

Ra C X(A) x Up(X(A))
as follows: for every x € X(A) and Y € Up(X(A)),
(x,Y) € Ry = FFeFi(A(Y=F and O 'x)CFC O (x).

Note that only the sets of the form F, with F € Fi(A), can be related to an x € X(A) by
the relation Rj.

Remark 5.1: Let x € X(A). Then, by condition (CH3) and the definition of Ry, it follows
that

Olex e 070 C O~ (x) e O-T(x) € Ra(x) <> Ra(x) £ 0.
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The following proposition contains two properties needed to prove the representa-
tion theorem (Theorem 5.4).

Proposition 5.2: Let (A, [J, ) be a CH-algebra and x € X(A).

(1) Da ¢ xiff3y € X(A)3F € Fi(A) suchthatx C y, (y,F) € Ra,anda & F
(2) Oa e xiffaF € Fi(A) suchthatF € Ra(x)and a € F.

Proof: For the first statement, suppose that (a ¢ x. Then we have that (1 — Oa ¢
x and Oa ¢ Fg(x U {O1}). Thus there exists y € X(A) such that Fg(x U {01}) C y and
Oa ¢ y. Let us consider the filter F = 7' (y). Since {1 € y, according to Remark 5.1,
we have O~ '(y) C F C O~ (y). Therefore, the pair (y, F) € Ra. The converse direction
is straightforward.

Turning to the second statement, suppose that ¢a € x. Since ¢ is a monotone
operator, it follows that {1 € x. Let us consider F = Fg(O~" (x) U {a}). It is clear that
Fe Ra(x) and a € F. The converse direction follows from the fact that F C ¢~ '(x). W

Proposition 5.3: Let (A,[J, {) be a CH-algebra. Then the structure
Fa = (X(A), S, Ra)

is an ic-frame.

Proof: Let x,y € X(A) and F € Fi(A) such that x C y and (x, F) € Ry. We aim to show
that there exists H € Fi(A) such that (y,ﬁ) € Ry and F C H. Since x C y, we have
O~"(x) € O~ '(y). Consider the filter H = Fg(F U 0~ (y)). By its definition, it is clear
that F C H and O~ '(y) C H. It remains to prove that H C {~'(y). Let a € H. By the
definition of the filter generated by a set, there exist f € F and b € (07" (y) such that
fAb<a.Since FC O~ (x)and x C y, we have Of € y. Thus, Of A b € y. By Propo-
sition 4.3, we have that Of ADb < O(f Ab) < Qa. As y is a filter, (a € y. Hence, a €
O~ (y),which proves the inclusion H C {0~ (y). [ ]

Let (A, [0, O) be a CH-algebraand F4 = (X(A), C, Ra) its dual ic-frame. Now, by Exam-
ple 4.5, we have the complex CH-algebra Az, = (Up(X(A)),Ug,, Or,) associated with
Fa.Recall that the map a: A — Up(X(A)) is defined as follows: a(a) = {x € X(A) : a €
x} foralla € A.

Theorem 5.4 (Representation): Let (A [, Q) be a CH-algebra and (X(A), C,Ra) its
dual ic-frame. Then, a.: (A, [0, 0) — (Up(X(A)), Or,, Or,) is an embedding between CH-
algebras.

Proof: It is known that o is an embedding of Heyting algebras. Therefore, we only
need to prove that a(Ca) = Ug,a(a) and a(Ga) = Qr,a(a).

To prove the first equality, we demonstrate both inclusions. Let x € a((a), y € X(A)
and F € Fi(A) such that x C y and F € Ra(y). Given that F € Ra(y), by the definition of
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the relation Ry, it follows that (0=" (y) C F C " (y). Our goal is to prove that F C a(a).
Since x € a((a) and x C y, it follows that (Ja € y, which means that a € O~ (y).
Since O~ '(y) C F, we have a € F. Hence, we have shown that Vz € F, a € z, which
proves that F C a.(a). We prove the reverse inclusion by contraposition. Suppose that
x ¢ o(0a), which means that (a ¢ x. By Proposition 5.2(1), there are y € X(A) and a
filter F of A such that x C y, (y, I:') € Ry and a ¢ F. By the Prime Filter Theorem, there
exists z € X(A) such that F C zand a ¢ z. From this, it follows that z € F and z ¢ a(a).
Thus, we have shown that F ¢ a(a) which, giventhatx C yand (y, I:') € Ry, implies that
X ¢ DRAOC(G).

We prove the second equality with a series of equivalences. The first step is to recog-
nise that by definition, x € «({a) if and only if 0a € x. By Proposition 5.2(2) ¢a € x if
and only if there exists a filter F of A such that F € Ra(x) and a € F.Furthermore, a € F if
andonlyifa e zforallz € F, which is equivalent to F C a/(a). Combining all the equiv-
alences, we have that x € a(Qa) if and only if there is F € Ra(x) such that F C a(a).
By the definition of {g,, this last condition is equivalent to x € {g,a(a). Thus we have
shown thatx € a(¢a) if and only if x € Qg a(a). |

We are ready to prove the promised completeness theorem (Theorem 3.5) in
Section 3. We start with the following result.

Proposition 5.5: Let v: Var — Up(X) be a valuation on an ic-frame F = (X, <,R). The
function h,: Fm — Up(X), defined by h,(¢p) = {x € X : F,v,x I ¢} for every ¢ € Fm, is
a homomorphism of CH-algebras extending the function v.

Proof: It is straightforward from the definition of the forcing relation I and the
definitions of Clg and {pg. | |

Considering that every function v from Var into a CH-algebra A can be uniquely
extended to a homomorphism from Fm into A, the following result is a straightforward
consequence of the previous proposition.

Proposition 5.6: Let F = (X, <,R) be an ic-frame and Ar its complex CH-algebra. For
every formula ¢,

F e ifandonlyif ArF ¢.

Let CCHA be the class of all complex CH-algebras Arx = (Up(X), g, Or) determined
by ic-frames F = (X, <,R). Let A(CCHA) be the logic defined by the class of algebras
CCHA. Hence, the previous proposition implies the following corollary.

Corollary 5.7: A(ICF) = A(CCHA).

Proof: Itis immediate from the previous proposition. |

It is in the following proposition that the Representation Theorem (Theorem 5.4)
plays a key role.



18 @ S. A. CELANI ET AL.
Proposition 5.8: A(CHA) = A(CCHA).

Proof: On the one hand, since CCHA C CHA, it follows that A(CHA) C A(CCHA). On
the other hand, by Theorem 5.4, every CH-algebra (A, [, $) is isomorphic to a subal-
gebra of the complex CH-algebra Ar, = (Up(X(A)),Og,, Or,). Hence, it follows that
A(CCHA) C A(CHA). [ |

Theorem 5.9 (Neighbourhood completeness: Theorem 3.5): A(ICF) = A(H).

Proof: From the two preceding results and by Theorem 4.13, it follows that

A(ICF) = A(CCHA) = A(CHA) = A(H).

6. Categorical dual equivalence

In the present section, we extend the representation of a CH-algebra through its dual
ic-frame (Theorem 5.4) to a categorical dual equivalence by means of specific topolog-
ical structures. These structures are based on the notions of ic-frame and Esakia space.
To define the dual topological structures for the CH-algebras, we need some auxiliary
definitions and notations.

Deﬁnition 6.1: Let (X, <,R) be an ic-frame. We define the auxiliary relations Sg C X x
X, Y2 C X x X,and Jg C X x Up(X) as follows: for every x € X,

Sa00 = (JIY € Up() 1 ¥ € R0}, (5)
R0 = JISr) 1y = x), (6)
Jr(x) ={Y € Up(X) : 3Z € R(x) (Z C Y)}. 7)

There is a deeper connection between the relation R of an ic-frame (X, <, R) and the
relations .#z and Jg. In what follows, we prove that the modal operators are equiv-
alently defined using these auxiliary relations. Then, in Section 7, we show a more
specific connection between them.

Definition 6.2: Let (X, <,R) be an ic-frame. For every subset U of X, we define the
following sets:

Oy (U) = {x e X: 730) CU} and 0y(U) = {x e X:3Y € Jr(x) (Y C U)}.

Proposition 6.3: Let (X, <,R) be an ic-frame. Then, for every U € Up(X), Ogr(U) =
D(S,;R (U) and Gr(U) = Oy, (V).

Proof: Consider a set U € Up(X). We prove the equalities by verifying the double
inclusion. Let x € [ g, (U), which means Sr(x) C U. Now, consider any y > x and any
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Y € R(y). We know that Y C Sg(y) and, sincey > x, it follows that Sg(y) C yR(x) There-
fore, Y C U. Conversely, let x € (g(U) and y € .%3(x). By the definition of .#z(x), there
exist z > x and Y € R(z) such that y € Y. Since x € (g(U), we have that Y C U. Thus
y € U, thereby showing that Fr(x) C U.Therefore, p(U) = Dy;R(U).

We now proceed to prove the second equality. First, suppose x € ¢, (U), which
means that there exists Y € Jr(x) such that Y C U. The definition of Jg states that there
must exist an upset Z € R(x) such that Z C Y. Consequently, as Z € R(x) and Z C U,
we conclude that x € Qg(U). For the reverse inclusion, let x € ¢g(U). This means there
exists some Y € R(x) such that Y C U. Since R(x) is a subset of Jr(x), it follows imme-
diately that Y € Jr(x). Therefore, we have found an upset Y € Jr(x) such that Y C U,
which means x € ¢, (U). Therefore, Or(U) = Oy, (U). [

Now we present the definition of the dual structures to CH-algebras.

Definition 6.4: We say that (X, <, 7, R) is a concurrent Esakia space if:

) (X, <, t)isan Esakia space;
) (X, <,R)isanic-frame, where R C X x C£Up(X);
) OrU), Or(U) € CPUp(X) forall U € CPUp(X);
(C4) R(x)isclosedin (C£Up(X),C, z,);
) (x,Y)eRifandonlyifY C Fr(x)and Y e Jr(x);
) If R(x) # @, then .%3(x) is closed in X.

Let (X, <, 7) be an Esakia space. Recall that A(X) = (CPUp(X),N,U,=, @, X) is the
dual Heyting algebra of X.

Proposition 6.5: Let (X, <, ,R) be a concurrent Esakia space. Then (A(X), g, QOr) is a
CH-algebra.

Proof: By condition (C2) and Example 4.5, we have that (Up(X),Ug, Or) is a
CH-algebra. By condition (C3), it follows that (A(X),Jg, Og) is a subalgebra of
(Up(X), Og, Or). Hence, (A(X), g, Or) is a CH-algebra. |

Let (A, [0, ) be a CH-algebra. Recall that (X(A), C, 74) is the dual Esakia space of A.

Proposition 6.6: Let (A [, ) be a CH-algebra. Then the structure X(A) = (X(A), C
,Ra, Ta) is a concurrent Esakia space.

Proof: (C1) By Esakia duality, (X(A), C, z4) is an Esakia space.

(C2) By Proposition 5.3, (X(A), C, Ra) is an ic-frame.

(C3) We must show that g, (U) and Og,(U) belong to CPUp(X(A)) for all U e
CPUp(X(A)). Let U € CPUp(X(A)). Since CPUp(X(A)) = {a(a) : a € A}, there exists
some a € A such that U= a(a). It follows that [z, (U) = Ug,(a(a)). Furthermore,
by Theorem 5.4, we have [g,(a(a)) = a(Oa). Hence, Og, (U) € CPUp(X(A)). Simi-
larly, for the diamond operator, Og,(U) = a(Oa). Therefore, Or,(U) also belongs to
CPUp(X(A)).
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(C4) Our aim is to demonstrate that Rs(x) is closed in (C£Up(X(A)),C, t,). For
this purpose, we consider the families of sets 8B = {Dy : U € CPUp(X)} U : V €
CPDo(X)} and F ={U € B : Ra(x) CU}. We prove this result by showing that
Ra(x) = (| F.Obviously, Ra(x) C () F.We now show that (| F C Ra(x). LetF e NF.
This means that F e U, for all i{ € F. To establish that F e Ra(x), we must prove that
O~ (x) C F C O~ (x). We first prove that 7' (x) C F. Let a € 0~ '(x). The condition
a € Fislogically equivalent to the setinclusion FCa(a)(sinccae Fsae y forevery
y € F). Therefore, we proceed by proving F C a(a) by contradiction. Suppose it is not
the case. This implies F ¢ Da(a) Since Dy (q) belongs to B, D, () ¢ F, meaning that
Ra(x) g Dy (a)- Thus there exists E e Ra(x) such that E & Dy (a). Consequently, we have
O-"(x) CEC ¢~ '(x)and a ¢ E. This is a contradiction because a € 00" (x).

Next, to prove the other inclusion, let a € F. It follows that Fﬂa(a)c @. This
implies that F ¢ L (ayc- Consequently, Ly(a)c & F, and hence Ra(x) & Ly (q)c- Therefore,
there exists E € Ra(x) such that E ¢ La(a)c This yields EcC o.(a), which implies that
aeE.SinceE e Ra(x), we have E C $~'(x). Hence,a € O~ (x)

(C5) Now, we prove that (x, F) € Ry if and only if Fc fRA (x) and Fe Jr,y (). First,
suppose that (x,F) € Ry. Then F C SR, (x) C YRA(X). Since F € Ra(x) and F CF, it
follows that F € Jg, (x).

Now suppose that F C YRA x) andF e Jr, (X). We must prove thatF e Ra(x), namely
that 0~ '(x) C F C O~ '(x). Suppose that (0~"(x) C F is not true. Let a € 0~ '(x) be
such that a ¢ F. By the Prime Filter Theorem, there exists z € X(A) such that F C zand
aé¢z.ThenzeFanda ¢z Since F C YRA(X), there is y O x such that z € Sg,(y). So
there exists G € Ra(y) suchthatz € G.Then ' (y) CG C O~ '(y)andG C z. Asx C y,
we have [~ 1(x) C O '(y) € G C z.Thus a € z, which is a contradiction.

Now since F e Jr, (), there is G € Ra(x) such that GC F. Then O"'(x) C G C
O~ '(x)and F C G.Thus F C O~ ' (x).

(C6) Finally, we must prove that the condition R4(x) # @ implies YRA (x) is closed.
We prove this by showing that

Fra () =071 ().

Letz e YRA (x). By definition, there exists y € X(A) such thaty D x and z € Sg,(y). This
means that there is F € Ra(y) such thatz € F.Since F e Ra(y), we have 0~ '(y) C F C
O~ (y) and since z € F, we have F C z. It follows that O~ (x) C O~ "(y) C z. Hence,
zel™ 1(x) Conversely, using the hypothe5|s that Ra(x) # @ it follows by Remark 5.1
that O~ 1(x) € Ra(x). Therefore, (1~ 1(x) C S, (X) C Fr, (%).

Since D—1 (x) is a closed set, the established equality implies that yRA (x) is closed,
completing the proof. |

Theorem 6.7: Let (A, [, ) be a CH-algebra. Then o.: A — A(X(A)) is an isomorphism of
CH-algebras from (A, 1, ) onto (A(X(A)), Ug,, Or,)-

Proof: The structure (A(X(A)),Ug,, Or,) is @ CH-algebra by Propositions 6.5 and 6.6.
Furthermore, Theorem 5.4 shows that a preserves the modal operators, satisfying the
conditions a(0a) = Og,a(a) and a(Ga) = Or,a(a). In addition, the results obtained
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by Esakia establish that a is an isomorphism of the underlying Heyting algebras. Con-
sequently, since o preserves both the Heyting structure and the modal operators, it is
an isomorphism of CH-algebras. |

Let now (X, <,R, 7) be a concurrent Esakia space. Recall that (X(A(X)), C, za(x)) is
the dual Esakia space of the Heyting algebra A(X) = (CPUp(X),N,U,=, ¥, X). Addi-
tionally, recall that the map ¢: X — X(A(X)), defined by ¢(x) = {U € CPUp(X) : x € U}
forall x € X, is an order-homeomorphism from (X, <, 7) onto (X(A(X)), C, Tax))-

Theorem 6.8: Let (X, <,R, 7) be a concurrent Esakia space. Then the order-homeomor-
phism ¢ satisfies the following: for every x € X and Y € C£Up(X),

(x,Y) e R ifandonlyif (e(x),&(Y)) € Ra).

Proof: We first observe that F,(y) = {U € CPUp(X) : Y C U} = Fy and F:&) =e(Y).

We start by proving that (x,Y) € R implies (e(x),e(Y)) € Racx). Let (x,Y) € R. We
show that D;;](S(X)) CFmC <>E1 (¢(x)). For the first part, if U D? (e(x)), then
x € Og(U). This condition implies that for every y > x and Z € R(y), Z C U. Since Y €
R(x) by hypothesis, we specifically obtain Y C U.Thus, U € F,(y), which establishes the
first inclusion. To prove the second inclusion, consider U € Fy). This means Y C U.
Since Y € R(x) by hypothesis, it immediately follows that x € Qr(U); consequently,
Qr(U) € &(x). Therefore, U € 0,;1 (¢(x)), which concludes the proof of this implication.

Now we prove the converse implication: (e(x), e(Y)) € Ra(x) implies (x,Y) € R. We
begin by verifying that R(x) is non-empty. By hypothesis, &(Y) € Rawx)(e(x)),which
implies that D?(S(X)) C Fyv) € 0;1(s(x)). Since Fyyy is a filter of CPUp(X), X
must be an element of F,(y). Thus X € <>,;1 (e(x)). Consequently, x € Or(X), meaning
there exists Z € R(x) such that Z C X. This ensures that R(x) is non-empty, which by
Definition 6.4 implies that .z (x) is closed in X.

We now prove that Y C .%z(x) (and subsequently that Y € Jr(x)). Suppose, for
contradiction, that Y ¢ SR(x). Thus, there exists z € Y such that z ¢ YR(X) Since
Sp(x) is a closed upset, there exists U € CPUp(X) such that z ¢ U and .%k(x) C U.
Since z € Y but z ¢ U, it follows that Y ¢ U. This condition implies that U & F,(y).
Since D?(s(x)) C F(vy holds, we obtain that U ¢ D?(g(x)), which in turn gives
x & (V). Conversely, from .%z(x) C U we have that x € U, (U) = Lr(U), leading to
a contradiction.

We now show that Y € Jr(x), which requires finding W € R(x) such that W C Y. We
first establish that R(x) ¢ Lysuugu--uug for every finite subset {U1, Uy, ..., Un} C Fy(y).
Since each U; e CPUp(X), their complements Uf are in CPDo(X), justifying the set
LUﬁUUEU---UU,C,- Let {U1,...,Un} C Fy(y). Since Fyy) is a filter, UyN---NU, € Fev). By
hypothesis, we have that U1 N ---N U, € 051 (¢(x)). Consequently, x € Op(U1 N ---N
Un) which implies there is Z € R(x) such that Z C Uy N --- N Up. From this, we have
ZeR(X) and Z ¢ Lysu..uus- That is, R(x) € Lysu...uug- Since R(x) is compact (because
C¢Up(X) is compact), we deduce that R(x) € [J{Lyc : Y C U}. Therefore, there exists
W € R(x) such that W ¢ | J{Lyc : Y C U}, meaning W ¢ Lyc for every U € CPUp(X)
such that Y C U. The latter implies U° N W = @ for all U € CPUp(X) with Y C U. This,
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in turn, implies W C ({U € CPUp(X) : Y C U} = Y. Hence, we have found W € R(x)
such that W C Y, concluding the proof of the implication. [ |

Now we move to define the morphisms between concurrent Esakia spaces and
between CH-algebras.

Definition 6.9: Let (X7, <1,R1, 71) and (X2, <3, R2, 72) be two concurrent Esakia spaces.
Amap f: X7 — Xy is a concurrent Esakia morphism if the following conditions hold:

( ) fis continuous,

( ) fisap-morphism,

(CM 3) ifY € R1(x), then f(Y) € Ry(f(x)), where f(Y) = {f(y) :y € Y},
( ) ifY € Ra(f(x)), then f(Zy) C Y C f(Z,) for some Z1,Z> € Ri(x).

Remark 6.10: Conditions (CM 1) and (CM 2) can be equivalently replaced by: (CM 1) f
is an Esakia morphism.

Definition 6.11: Let (X7, <1,R1,77) and (X3, <»,Ry, 70) be two concurrent Esakia
spaces and let f: X; — X5 be a concurrent Esakia morphism. We define f*: CPUp(X3)
— CPUp(X7) as F*(U) = f~1(U).

Remark 6.12: Since f satisfies conditions (CM 1) and (CM 2) of Definition 6.9, it follows
from Esakia duality that f* is a homomorphism of Heyting algebras.

Proposition 6.13: Let (X7, <1,R1,71) and (X3, <»,Ry,12) be two concurrent Esakia
spaces and let f: X; — Xy be a concurrent Esakia morphism. Then f*: CPUp(X2) —
CPUp(Xy) isa homomorphism of concurrent Heyting algebras.

Proof: We show that f* (g, (U)) = Og, f*(U) and f*(Og, (U)) = Or, f*(U).

Letx € f*(Og, (U)). By the definition of *, f(x) € Tg, (U). This means that forall u >
f(x) and for all Z € Ry(u), Z C U. We want to show that x € Og, f*(U). Consider y > x
and Y € Ry (y). We must prove that Y C f*(U). By condition (CM 3) of Definition 6.9,
we have (f(y), f(Y)) € R,. Also, since f is an order-morphism, condition (CM 2) ensures
f(y) > f(x). Thus, by hypothesis, f(Y) C U. Therefore, Y C f*(U).

On the other hand, let x € Ug,f*(U). This means that for all y > x and for every
Y € Ri(y), Y C f*(U). We aim to show that f(x) € Og, (U). Consider u > f(x) and Z
R3(u). We must demonstrate that Z C U. By Definition 6.9, condition (CM 2), there exists
z € X7 such that z > x and f(z) = u. Thus f(z) > f(x) and Z € R(f(z)). Then, by (CM
4), there exists Y € Ry(2) such that Z C f(Y). By hypothesis, we obtain that Y C f*(U),
which implies f(Y) C U. Therefore, Z C U. Consequently, the equality f*({g,(V)) =
g, f*(U) is proven.

Suppose that x € f*(Og,(U)). Then f(x) € Op,(U). Thus there exists Y € Ry(f(x))
such that Y C U. We need to prove that x € Op, f*(U), which means finding Z € Rq(x)
such thatZ C f*(U). Since (f(x), Y) € Ry, condition (CM 4) of Definition 6.9 ensures that
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there exists Z € Ry (x) such that f(Z) C Y. Since Y C U by hypothesis, it follows that
f(2) C U.Therefore, Z C f*(U), as required.

Finally, assume that x € Op, f*(U). Then there exists Z € R1(x) such that Z C f*(U).
We must prove that x € f*(Qr,(U)), or equivalently, that f(x) € Og, (U). This requires
us to find Y € Ry(f(x)) such that Y C U. Since (x,Z) € Ry, condition (CM 3) establishes
that (f(x),f(2)) € R,.Also, since Z C f*(U), we immediately have f(Z) C U.LettingY =
f(Z2),wefind Y € Ry(f(x)) and Y C U. Therefore, f*(Og, (U)) = O, f* (V) is proven.

Therefore, since f* preserves the operations of the Heyting algebra and we have
shown it preserves (J and ¢, f* is a homomorphism of concurrent Heyting algebras. B

Definition 6.14: Let h: A — B be a homomorphism between concurrent Heyting
algebras. Define h, : X(B) = X(A) as h,(x) = h~"(x).

Remark 6.15: It was already proved by Esakia that h, is well defined and satisfies
conditions (CM 1) and (CM 2) of Definition 6.9.

Lemma 6.16: Let h: A — B be a homomorphism between concurrent Heyting algebras
andlet G € Rg(x) forsomex € X(B). Then h,(G) € CtUp(X(A)) and also h,(G) = h— 1(G)

Proof: Since h, is continuous and a p-morphism, the image h,(G) is a closed upset in
X(A); i.e. h.(G) € CEUp(X(A)).

We now show that h*(@i) = hf]E). Recall that Fh*(G) ={aeA: h*(@i) C a(a)}and
’7(:) = h. (G) Therefore, to prove the set equality, it is sufficient to demonstrate that
the corresponding filters are equal: h~' (G) = Fy. &)

Fr. 6 ffh.(G) C a(a)

iff hy(y) € a(a) foreveryy € G
iffa € h,(y) foreveryy € G
iff h(a) € y foreveryy € G
iff h(a) € y foreveryy € X(B) suchthat G Cy
iff h(a) € G
iffa e h™1(G).
[ |

Proposition 6.17: Leth: A — B be a homomorphism between concurrent Heyting alge-
bras. Then h,.: X(B) — X(A) is a concurrent Esakia morphism.

Proof: Based on Remark 6.15, it suffices to prove that h, satisfies conditions (CM 3)
and (CM 4) of Definition 6.9.

(CM 3) Suppose that G e Rg(x). By definition, this means D_ x)cGcC <>E x).
We must prove that h, (G) € Ra(h.(x)). By the previous lemma, we have h,(G) €

CtUp(X(A)) and h,(G) = h~— 1(G) Therefore, we need to show that the dual filters
satisfy the condition: (1, Y(he(x)) Ch™(G) C <>A (h. ().
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Let a e D;1(h*(x)). This implies (a(a) € h.(x), and thus, h({da(a)) € x. Since h
is @ homomorphism of concurrent Heyting algebras, h((a(a)) = Og(h(a)) € x. This
means h(a) € D?(x). By hypothesis, we have h(a) € G; consequently, a € h~'(G).
Now, suppose a € h™'(G). Then h(a) € G. By hypothesis, we have h(a) € 051(x),
which means ¢g(h(a)) € x. Since h is a homomorphism, ¢g(h(a)) = h(Qa(a)) € x.
This yields a € 0;1 (h.(x)). Since both inclusions are satisfied, the condition (CM 3) is
proven.

(CM4) LetF e Ra(h.(x)), which means Df (h.x)) CFC 0;1 (h+(x)). We must find
6\1,(/5\2 € Rp(x) such that h*(C/ﬂ) Cc F c h*(éz). Let G; be the filter defined by G; :=
Fg(h(F) U D? (x)). The inclusion DE1 (x) C G; is clear by construction. To prove the
second inclusion, assume g € Gq. Then there exist a e F and b € DE1(X) such that
h(a) A b < g. It follows that b < h(a) — g, and thus h(a) > g € D?(x). Therefore,
Ug(h(a) — g) € x. Since Ug(h(a) — g) < Os(h(a)) — O(g), we have Op(h(a)) —
0g(g) € x. On the other hand, from a € F, the hypothesis gives a e <>;1(h*(x)).
This means h(Qa(a)) € x, which, by homomorphism, is ¢g(h(a)) € x. Since both
<>B(h(a)) — 08(g) € x and Op(h(a)) € x hold, we deduce (g(g) € x or, equivalently,
ge <>B (x). Thus Gy € Rg(x). Now we show the set inclusion h, (G1) CF. By con-

struction of Gy, h(F) C G. It follows that F C h='(Gy). Thus h— 1(G1) C F. This proves
h.(G1) C F (by Lemma 6.16). We claim that the required set is Gy, = DE1(X). Since

—

Gy € Rg(x), it is immediate that DE1 (x) € Rg(x). We now prove the required inclu-

sion F C h*(Gz), ie.FC h,k(DE;1 (x)). By the previous lemma, this holds if and only if
the dual filters satisfy the reverse inclusion: h='(0; ' (x)) C F. Let a € h=" (05" (x)).
Then Og(h(a)) € x, which implies that h({Ja(a)) € x. Since h is a homomorphism,
Og(h(a)) = h(Ox(a)) € x.Hencea € Df (h«(x)). By hypothesis, we conclude that a
F. Therefore, the inclusion h~! (EIL;1 (x)) C F is established, which proves F C h,(G).
This completes the proof. |

Our objective now is to prove, in categorical terms, that the categories of concurrent
Esakia spaces and concurrent Heyting algebras, together with their morphisms, are
dually equivalent. For this purpose, it is necessary to formally define the categories.
We denote by CHA the category whose objects are concurrent Heyting algebras and
whose morphisms are homomorphisms of concurrent Heyting algebras. Similarly, we
denote by CES the category with concurrent Esakia spaces as objects and concurrent
Esakia morphisms as arrows.

Theorem 6.18: The category CHA is dually equivalent to the category CES.

Proof: We first define the contravariant functors that establish the desired equiv-
alence. The functor (—).: CHA — CES is defined as follows: for each object A
Ob(CHA), A, = (X(A), C, Ra, ta) is the dual concurrent Esakia space of A, and for each
morphism h € Mcpya (A, B), h,: B, — A, is defined by h, (x) = h™" (x).
Thefunctor (—)*: CES — CHA is defined as follows: for each object X € Ob(CES),
= (CPUp(X),Og, Or) is the dual concurrent Heyting algebra, and for each mor-
phism f € Mcgrs(X,Y), f*: Y* — X* is defined by f*(U) = f~1 (V).
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To prove that these functors establish a dual equivalence, we must construct a natu-
ral isomorphism a between the composite functor ((—).)* and the identity functor on
CHA, idcma and another ¢ between ((—)*). and the identity functor on CES, idcgs.

We first construct the natural isomorphism a: ((—)«)* = idcma. For each con-
current Heyting algebra A, we define the concurrent Heyting algebra isomorphism
opa: A= (A" by aa(a) ={x e A, :a e x}. Let a ={aa:A e Ob(CHA)}. We verify
naturality. Suppose A, B € Ob(CHA) and h € Mcpa (A, B). We must prove that (h,)* o
oa = ago h.Leta € A; then

y € (h)*(aa(a)) & h.(y) € ap(ad) < a < h.(y)

<= h(a) ey < y € ag(h(a)).

We next construct the natural isomorphism ¢: idcgs = ((—)*)«. For each concur-
rent Esakia space X € Ob(CES), we define the homeomorphism of concurrent Esakia
spaces ex: X = (X*). by ex(x) = {U € X* : x € U}. Let ¢ = {ex : X € Ob(CES)}. We
verify the naturality. Suppose X,Y € Ob(CES) and f € Mcgs(X,Y). We must prove
that (f*). o ex = ey o f. Let x € X; then

Ue (f)u(ex(x)) & f*U) e ex(x) < xef*(U)

— f(x) e = U eey(f(x).

In consequence, the category CHA is dually equivalent to the category CES. |

7. IKN-spaces and a new categorical dual equivalence

In Section 6, we showed that the two relations . C X x X and Jz C X x Up(X)
(Definition 6.1) can be defined from an ic-frame (X, <, R). Then we defined the con-
current Esakia spaces in such a way that the relations R, .%, and Jg are related (see
condition (C5) of Definition 6.4). Thus we may consider the structures (X, 5,7,]),
where . C X x X and J C X x Up(X), to obtain a different relational semantics for
the logic A(H). Note that these structures are a blend of an intuitionistic Kripke frame
and a neighbourhood frame.

This section considers the structures (X, g,Y,J) satisfying certain conditions. We
show that these structures are, under those conditions, inter-definable concerning the
ic-frames. Furthermore, we provide a new dual equivalence for the category of CH-
algebras and a completeness result for the logic A(H).

Definition 7.1: An intuitionistic Kripke neighbourhood frame, or IKN-frame, is a struc-
ture (X, <, ., J), where (X, <)isaposet,.¥ C X x X,and J C X x Up(X), such that the
following conditions are satisfied:

(K1) y > x implies .#(y) C .7 (x).

(K2) If Y € J(x) and y > x, then there exists Y/ € Up(X) such that Y C Y, Y C
Z(y),and Y’ € J(y).

(K3) Ify e Y(x), there exist z > x and Y € Up(X) such that Y C Y(z), Y e J(2),
andy eY.
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(K4) IfY € J(x)and Z € Up(X) such that Y C Z, then Z € J(x).

Let us denote by IKNF the class of IKN-frames. In the following definition and propo-
sition, we show how to define an ic-frame from an IKN-frame (cf. condition (C5) of
Definition 6.4).

Definition 7.2: Let N = (X, <,.¥, J) be an IKN-frame. We define Ry C X x Up(X) as
Y € Ry (x)iff Y C.Z(x) and Y € J(x)

forall Y € Up(X) and every x € X.

Proposition 7.3: Let N = (X, <, f,l) be an IKN-frame. Then, Fnr = (X, <,Rn) isanic-
frame.

Proof: Supposex,y € Xand Y € Up(X) suchthaty > xand Y € Rar(x). By definition of
R, the condition Y € Rar(x) implies that Y C Y(x) and Y € J(x). Applying condition
(K2) of Definition 7.1, sincey > xand Y € J(x), there exists Y’ € Up(X) suchthatY’ C Y,
Y C.Z(y),and Y’ € J(y). Thus, since Y’ C .%(y) and Y’ € J(y), it follows by definition
that Y’ € Ras(y). As Y/ C Y is satisfied, the required condition for s to be an ic-frame
is met. u

Conversely, let us show how to define an IKN-frame from an ic-frame.

Proposition 7.4: Let 7 = (X, <,R) bean ic-frame. Then, Nx = (X, S,YR, Jg) is an IKN-
frame, where .z and Jg are defined as in Definition 6.1.

Proof: Let (X, <,R) be an ic-frame. We verlfy the IKN-frame conditions (K1)-(K4).

(K1) If y > x, the inclusion yR(y) C Sa(x) follows immediately by the definition of
S

(K2) Supposey > xand Y € Jr(x). By definition of Jg there exists Z € Up(X) such that
Z € R(x) and Z C Y. Since y > x and Z € R(x) the ic-frame condition (Cl) ensures the
existence of Y/ € R(y) such that Y’ C Z. This upset Y’ satisfies the required properties:
first, since Y’ € R(y), it follows immediately by the definition of Jg that Y’ € Jr(y); sec-
ond, because Y’ € R(y) by definition of Sg and .%; we have Y’ C Sg(y) C .Zz(y); finally,
asY' C Zand Z C Y, theinclusion Y’ C Y holds. Thus, Y’ is the required upset.

(K3) Now, let y € .#z(x). By definition of .%, there exists z > x such that y € Sg(z).
The definition of Sg then guarantees the existence of an upset Y € R(z) such thaty e
Y.Since Y € R(z) it follows that Y C .%4(z) and Y e Jr(z), which satisfies the required
property.

(K4) Finally, suppose Y € Jr(x) and Z € Up(X) such that Y C Z. Since Y € Jg(x), the
definition of Jg requires the existence of Y’ € R(x) such that Y’ C Y. Given that Y/ C Y
andY C Z,we have Y’ C Z. As we found an upset Y’ € R(x) such that Y’ C Z, it follows
immediately that Z € Jg(x). |

We now show that if we start from an IKN-frame A/, we obtain that N' = Nz, by
the previous constructions. However, if we start from an ic-frame F and we consider
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theic-frame F /- given by the previous constructions, it is not necessarily the case that
F = Fn . An extra condition is required to achieve this.

Proposition 7.5: Let N = (X, 5,'5’5,J) be an IKN-frame. Let us consider the IKN-frame
N]:N = (X, <, SRRy )- Then, S = S, and ) = Jg,,.

Proof: We first prove Y(x) = YRN(X) for all x € X. Let x € X. Suppose y € Y(x). By
Definition 7.1 (K3), there exist z > x and Y € Up(X) such thaty € Y, Y C .%(2), and
Y € J(2). By definition of Rys, we have Y € Ry/(2). Since y € Y and Y € Rpr(2) where
z > x, it follows by the definition of YRN thaty € YRN (x). Conversely, lety € YRN x).
Thus there exist z > x and Y € Ryr(2) such that y € Y. By the definition of Ry, the
condition Y € Ry (z) implies Y C Y(z) and Y € J(z). Given that z > x, condition (K1)
ensures that Y(z) - f(x). SinceyeVYand Y C f(z) - y(x), we conclude that
y € L (x). Therefore, ¥ = A,

We next prove J=Jg,. Let x € X. Suppose Y e J(x). By condition (K2) of
Definition 7.1, there exists Y’ € Up(X) suchthat Y’ C Y, Y’ C . (x) and Y’ € J(x). Since
Y C .#(x) and Y’ € J(x), it follows by definition of Rxs that Y’ € Rxr(x). As we found
Y" € Ry (x) such that Y’ C Y, the definition of Jg,, implies Y € Jg,(x). Conversely, let
Y € Jp, (x). By definition of Jp,, there exists Y’ C Y such that Y’ € Rys(x). The definition
of Ry implies that Y/ C .%(x) and Y’ € J(x). Consequently, since Y’ € J(x) and Y’ C Y,
condition (K4) of Definition 7.1 ensures that Y € J(x). Therefore, J = Jg,;. |

Proposition 7.6: Let F = (X, <,R) be an ic-frame and let t be a topology on X such that
(X, <,R, 7) is a concurrent Esakia space. Let us consider the ic-frame F s, = (X, <,Rn/z).
ThenR = Ry

Proof: Let x € X and Y € Up(X). By condition (C5) of Definition 6.4, Y € R(x) if and
only if Y C #&(x) and Y € Jr(x). By definition, Ry is characterised by the exact same
condition: Y € Ry, (x) ifand only if Y C .#z(x) and Y € Jp(x). Thus R = Rp/-. [ |

We use the two previous propositions to show that there is a one-to-one corre-
spondence between concurrent Esakia spaces and specific structures (X, <,.%,J,t)
where (X, s,y,J) is an IKN-frame and (X, <, ) is an Esakia space satisfying additional
conditions.

Definition 7.7: Let (X, s,Y,J) be an IKN-frame. We define the operators [J ., and
Oy as

O,(U)={xeX: () CU} and O,U) ={xeX:3Yex)(YCU)

forall U € Up(X).

Proposition 7.8: Let N = (X, <,.7, J)y be an IKN-frame. Let us consider the ic-frame
Fn = (X, <,Rnr). Then, forall U € Up(X)

Uy (U) =Ty (U) and  O;(U) = Oryr (U).
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Proof: We first prove [, (U) = [g,,. Let x € O ,(U); so S (x) C U. Suppose y > x
and Y e Ry (y). By definition of Ry, Y C . (y). By (K1), #(y) C #(x). Thus Y C
ﬂ(x) C U, which implies Y C U. Therefore, x € (g, (U). Conversely, let x € Og,, (V)
andlety e Y(x). By (K3), there exist z > x and Y € Up(X) such thaty e Y, Y C y(z),
and Y € J(2). It follows by definition that Y € Rxr(2). Since x € [g,, (U), the conditions
z>xand Y e Ry (2) imply Y C U. As y € Y, we conclude that y € U. It follows that
Z(x) C U,s0x € O, (V).

We now establish the second required equality. Let x € ¢,(U). By definition, there is
Y € J(x) suchthat Y C U.By (K2) (since x > x), there exists Y € Up(X) such that Y’ C Y,
Y C .(x),and Y’ € J(x). Since Y/ C .#(x) and Y’ € J(x), it follows that Y’ € Ryr(x).
Given that Y/ C Y C U, we have Y’ C U with Y’ € Ry/(x). Therefore, x € Og,, (U). For
the reverse inclusion, let x € Og,,(U). By definition, there exists Y € Rar(x) such that
Y C U. The definition of Ry implies that Y € J(x). Since we found Y € J(x) such that
Y C U, we conclude x € O, (V). [ |

Proposition 7.9: Let N = (X, g,Y,J) be an IKN-frame and let F = (X, <,R) be an ic-
frame. Let us consider the structures AN = (Up(X), Oy, 00 A(FA) = (Up(X), Ogy,,
Orp ) A(F) = (Up(X), Cg, Or), and ANF) = (Up(X), 0, Osp). Then

(1) AWN) =A(Fn),
(2) A(F) =AWNF).

In consequence, A(N') and A(Nr) are concurrent Heyting algebras.

Proof: The two required equalities are established by direct reference to the equiv-
alence of the modal operators. By Proposition 7.8, (I (U) = Ug, (V) and O,(U) =
Ory (U) for all U € Up(X). It follows that A(N) = A(F). Similarly, the equality A(F) =
A(NF) follows directly from the definitions of the operators and Proposition 6.3, which
establishes [r(U) =0, (U) and Qr(U) = Q4,(U) for all U e Up(X). Consequently,
since Far = (X, <, Ry) and F are ic-frames, it is known from Example 4.5 that their asso-
ciated algebras, A(Fxr) and A(F), are concurrent Heyting algebras. Given the proven
equalities, it is immediate that A(N') and A(Nr) are also concurrent Heyting algebrall

Let KCHA be the class of all concurrent Heyting algebras (CH-algebras) of the form
(Up(X),0 5, O,) determined by IKN-frames (X, <,.%, J). Recall that CCHA is the class
of all CH-algebras of the form (Up(X), g, Og) determined by ic-frames (X, <, R). Let
V(CCHA) be the variety generated by the class CCHA, and let V(KCHA) be the variety
generated by the class KCHA.

Corollary 7.10: KCHA = CCHA and V(KCHA) = V(CCHA).
Proof: The equality KCHA = CCHA follows from Proposition 7.9. Since the classes
of algebras are identical, the varieties generated by them must coincide. Hence,

V(KCHA) = V(CCHA). (]

Definition 7.11: An IKN-space is a structure (X, <, ], 7) that satisfies:
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(EK 1) (X, <, t)isan Esakia space.
(EK2) N = (X, <,.7,J)isan IKN-frame, where . C X x X and J C X x CtUp(X).
(EK3) Rar(x) # @ implies .7 (x) € C€Up(X).
(EK4) O, (), 0s(U) € CPUp(X) forall U € CPUp(X).
(EK5) Y € J(x) if and only if there exists C € C£Up(X) such that C C Y and C € J(x).
(EK6) C e J(x)if and only if for every U € CPUp(X), C C Uimplies U € J(x).

Proposition 7.12: Let (X, <,R, t) be a concurrent Esakia space. Then (X, <, yR, Jp,T)is
an IKN-space.

Proof: Let (X, <,R, t) be a concurrent Esakia space.

(EK 1) (X, <, 7) is an Esakia space. This follows from condition (C1) of Definition 6.4.

EK2QN = (X, 5,5’%,];;) is an IKN-frame. This follows from Proposition 7.4.

(EK3) Letx € X.The equality Ryr(x) = R(x) holds by Proposition 7.6. Thus if Rar(x) #
g, it follows by (C6) that fR(x) is closed. Since YR(X) is always an upset, we have
Sr(x) € CEUp(X).

(EK 4) The condition that U (U), 0, (U) € CPUp(X) for all U € CPUp(X) follows
from (C3) of Definition 6.4 and Proposition 6.3.

(EK 5) Let x € X. If Y € Jp(x), then there exists C € R(x) such that C C Y. Since
C C C, C satisfies the required condition, so C € Jg(x). Conversely, assume C C Y and
C € Jp(x). By definition of Jg, there exists Z € R(x) such that Z C C. Then Z C Y, and
consequently Y € Jr(x).

(EK 6) Let x € X. Assume C € Jp(x) and let U € CPUp(X) such that C C U. By
definition of Jg the condition C € Jr(x) implies that there exists Z € R(x) such that Z C
C.Since C C U, we have Z C U. By definition, the existence of Z € R(x) such thatZ C U
implies that U € Jg(x). To prove the converse, we will establish the contrapositive: if
C ¢ Jr(x) then there exists some U € CPUp(X) such that C C U and U ¢ Jp(x). Let
C ¢ Jp(x). Thus, for every Y € R(x), Y € C. Since C € C£Up(X), for each Y € R(x) there
is Uy € CPUp(X) such that Y ¢ Uy and C C Uy. The condition Y ¢ Uy is equivalent to
Y N Uy # 8, whichmeans Y Lyg. We obtain the covering:

R(x) C U{LUCY :C C Uy}

Since R(x) is closed in C£Up(X) by (C4) and thus compact, this cover has a finite
subcover. Hence, there are Uy, .. ., Uy, such that

RX) € Lyg u..uug -
Y Yn

Let U = UC -U UC .We define U as the complement of U, i.e. U = (U)“.Then Uis
a clopen upset contalnlng C.Since R(x) C Ly itfollows thatforall Y € R(x), Y ¢ U.This
means x ¢ Op(U). Since Or = Oy, (Proposition 6.3), x ¢ O, (U). Thus, for all Z € Jp(x),
Z ¢ U. Therefore, U ¢ Jp(x), and we have found U € CPUp(X) such that C C U and
U ¢ Jr(x), completing the proof by contraposition. [ |

Proposition 7.13: Let N = (X, <, ], 7) be an IKN-space. Then, (X, <,Ras, T} is a con-
current Esakia space.
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Proof: Let (X, S,Y,J, 7) be an IKN-space.

(C1) The structure (X, <, ) is an Esakia space. This follows directly from (EK 1) of
Definition 7.11,

(C2) (X, <,Rp) is an ic-frame. This follows from Proposition 7.3.

(C3) The condition that U, (U), Or, (U) € CPUp(X) for all U € CPUp(X) follows
from (EK 4) and Proposition 7.8.

(C4) We show that Rar(x) is closed in C¢Up(X) by proving that Rar(x) = Ras(x) for
an arbitrary x € X. If Ryr(x) = @, the set is trivially closed. Assume Rar(x) # @. Let Y ¢
Ry (x). By definition of Ry, this means that either Y ¢ Y(X) orY ¢ JX).IfY £ LX),
then there exists y € Y such that y ¢ y(x). Since f(x) € CfUp(X) by (EK 3), there
exists U € CPUp(X) such thaty ¢ U and y(x) C U. The condition f(x) C Uimplies
x € O (U), which by Proposition 7.8 is equivalent to x € [, (U). In consequence, for
all Z € Ry (x), Z C U. This implies Ryy(x) N Lye = @. Since y € Y and y ¢ U, we have
Y € Lye. Thus Y is contained in the open set Lyc disjoint from Ras(x), so Y & Ry (x).
On the other hand, if Y ¢ J(x), it follows by (EK 6) that there is U € CPUp(X) such
that Y C U and U ¢ J(x). By (EK 5), the condition U ¢ J(x) is equivalent to x ¢ ¢, (U).
By Proposition 7.8, this means x ¢ Og,,(U). In consequence, for all Z € Ryr(x), Z € U.
This implies Ryr(x) N Dy = @.Since Y C U, we have Y € Dy. Thus Y ¢ Ras(x). Therefore
Rn (%) = Ry (%). )

(C5) The equivalence (x,Y) e Ry &= Y C SR, (x) and Y € Jp, (x) is established
by Proposition 7.5.

(C6) By Proposition 7.5, if Ryr(x) # @, it follows directly from (EK 3) that yRN (x) is
closed in X. n

Remark 7.14: Let (X, <,R,7) be a concurrent Esakia space. Note that if R(x) # 4,
then Zz(x) € Jp(x). Indeed, if R(x) # 0, there exists Y € R(x). By (C6) of Definition 6.4,
Sr(x) € CUp(X), and by (C5), Y C .%z(x). Hence, .%z(x) € Jr(x) by definition of Jp.
Notice that if (X, <,.%,J, ) is an IKN-space such that Ryr(x) # @, then it follows by
Proposition 7.5 that .7 (x) € J(x).

Propositions 7.12 and 7.13 show a one-to-one correspondence between concur-
rent Esakia spaces and IKN-spaces. In what follows, we define the morphisms between
IKN-spaces corresponding to the concurrent Esakia morphisms. Then we define a new
category for IKN-spaces and show that it is isomorphic to the category of concurrent
Esakia spaces.

Definition 7.15: Let N7 = (Xq, §1,%,J1,‘[1> and A3 = (Xa, §2,y2,./2,‘[2) be two
IKN-spaces. A map f: N7 — N> is an IKN-morphism if it satisfies:
(KM 1) fis continuous.
(KM 2) fisap-morphism.
(KM 3) Ify € . (x), then f(y) € S5 (f(x)).
(KM 4) IfY € J;(x), then f(Y) € J>(f(x)).
(KM 5) IfY € Jo(f(x)), then there exists Z € J;(x) such that f(Z2) C Y.
(KM 6) Ify e .%(f(x)), then there exists z € .} (x) such that f(z) =
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Let us denote by TKN the category whose objects are IKN-spaces and whose
morphisms are IKN-morphisms.

Proposition 7.16: Let N7 = (X1, <1,.%1,J1,11) and Ny = (X2, <2,.%5, 2, 12) be two
IKN-spaces. Let Fn, = (X1, <1,Rnq,T1) and Fr, = (X2, <2, R, 72) be the concurrent
Esakia spaces associated to N1 and N5, respectively. If f: X1 — Xa is an IKN-morphism
between the IKN-spaces N1 and N>, then fis a concurrent Esakia morphism between the
concurrent Esakia spaces Far, and Fy,.

Proof: Letf: X; — X3 be an IKN-morphism.

(CM 1) f is continuous by (KM 1) of Definition 7.15.

(CM 2) f is a p-morphism by (KM 2) of Definition 7.15.

(CM 3) Suppose that Y € Ru;, (x). By definition, this means that Y C 5% x)and Y e
J1(x). From Y C .%(x) and (KM 3), it follows that f(Y) C .%(f(x)). From Y € J;(x) and
(KM 4),it follows directly that f(Y) € Jo(f(x)). Since both conditions are satisfied, we
conclude that f(Y) € Rp;, (f(x)).

(CM 4) Suppose Y € Rn, (f(x)). By definition, Y C yz(f(x)) and Y € L (f(x)).We
must show that there exist Zy,Z> € Ry, (x) such that f(Z;) C Y C f(Zy). Since Y €
L (f(x)), by (KM 5), there exists Z € J;(x) such that f(Z) C Y. We then use (EK 2) of
Definition 7.1, which guarantees the existence of a set Z; C Z such that Z; C 5”1 x),
and Z; € J1(x). By the definition of Ry, Z1 € R (). Because Z1 C Zand f(2) C VY, it
follows that f(Z1) C Y, which establishes the first required inclusion.

The IKN-morphism conditions, (KM 3) and (KM 6), together ensure the equal-
ity yz(f(x)) = f(% (x)). Since our initial assumption is Y C fz(f(x)) we immedi-
ately have Y C f(.#(x)). We choose Z, := .7 (x). The fact that Z; € R, (x) implies
Rns; (x) # 9. By Remark 7.14, Z1(x) € )y (x). Since 57 (x) is a subset of itself, we confirm
that Z, € Ry, (x), and the inclusion Y C f(Z;) holds. |

Proposition 7.17: Let F1 = (X1, <1,R1, 11) and F2 = (X3, <2, Ra, 72) be two concurrent
Esakia spaces. Let Nr, = (X1, <1, 5’31 Jry 1) and Ng, = (X2, <2, YRz,JRZ, 72) be the
IKN-spaces associated to F1 and F>, respectively. If g: X1 — Xy is a concurrent morphism
between the concurrent Esakia spaces JF1 and F,, then g is an IKN-morphism between the
IKN-spaces Nr, and N'r,.

Proof: Let g: X7 — X3 be a concurrent morphism.

(KM 1) By (CM 1) of Definition 6.9, g is continuous.

(KM 2) By (CM 2) of Definition 6.9, g is a p-morphism.

(KM 3) Suppose y € Ym (x). By definition of YRV there exists Y € Rq(z) for some
z > x such that y € Y. By (CM 3), g(Y) € R2(g(2)). Since g is a p-morphism, we have
9(2) > g(x).As g(y) € g(Y), it follows that g(y) € -#,(g(x)).

(KM 4) Now, if Y € Jg, (x), then there exists Z € Ri(x) such that Z C Y. By (CM 3),
g(2) € Ry(g(x)) and, moreover, g(Z) C g(Y). Thus g(Y) € Jg,(g(x)).

(KM 5) Let Y € Jg,(g(x)). By definition of Jg,, there exists Z € Ry(g(x)) such thatZ C
Y. Then, by (CM 4), there exists W € R (x) such that g(W) C Z. By the definition of Ry,
W € Jgp, (x).Since g(W) C Zand Z C Y, it follows that g(W) C Y.
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(KM 6) Finally, suppose y € YRZ (g(x)). So, there exist t > g(x) and W € R, (t) such
that y € W. Since g is a p-morphism, there is s € X; with s > x such that g(s) = t. Thus
s>x, W e Ry(g(s)), and y € W. We must prove that y € 9(5’5;?1 (%)), which is equiv-
alent to proving that there exists a € 731 (x) such that g(a) =y. Since a € Ym x)
means there are z > x and Z € R1(2) such that a € Z, we must show that there are
z > x and Z € Ry(2) such that y € g(2). Since we already established s > x, it suffices
to show that there exists Z € Ry (s) such thaty € g(2). Suppose not. Suppose that for all
Zi € Ri(s),y ¢ g(Z)).Since each g(Z)) € CfUp(X) (as g is continuous and a p-morphism)
and y ¢ g(Z)), there exists U; € CPUp(X2) such that g(Zj) C U;j and y ¢ U;. From the
construction of U;, we have Z; C g~ (U;), which means Z; € Dg—1(u,-) foreach Zj € Ry (s).
Then

Ri(s) € (J{Dg-1y 1 Zi € Up)-
As Ry (s) is closed in C£Up(X), it is compact. Thus there are Uy, . . ., U, such that

R1(5) € Dg-1(uy)u--Ug=" (Up)-

Let us call U:= Uy U---UU,. Since g~' is an homomorphism of concurrent Heyt-
ing algebras (6.13), we obtain that g~ (U1) U---Ug~ " (U,) = g~ (U). Then Ry (s) C
Dg_1(U).Thus, forall Zi € Ry (s) we have Z; C g_1 (U), or equivalently, we have g(Zj) C U.
Now, we have that W € R,(g(s)). By (CM 4), there exist Ty, T2 € R1(s) such that g(Ty) C
W C g(T;).Since T, € Rq(s), we must have g(T,) C U.Thisimplies W C U.However, we
established by construction thaty € W andy ¢ U (sincey ¢ U; for every i). This means
W ¢ U, which is the desired absurdity, concluding the proof of (KM 6). [ ]

Theorem 7.18: The categories IKN and CIES are isomorphic.

Proof: We establish the isomorphism by defining two covariant functors, F and G, and
showing that FG and GF are the identity functors on their respective categories.

Let F: IKN — CES be the functor that, for each IKN-space X = (X,g,Y,J,r)
assigns the concurrent Esakia space F(X) := (X, <, Ry, 7). For each IKN-morphism f €
Mixkn(X, Y), F(f) € Mcrs(F(X), F(Y)) is the concurrent Esakia morphism defined by
F(F)(x) = f(x).

Let G: CES — IKN be the functor that, for each concurrent Esakia space X :=
(X, <,R, 1), assigns the IKN-space G(X) := (X, <,.%&,Jr, 7). For each concurrent Esakia
morphism g: X — Y, G(g): G(X) — G(Y) is the IKN-morphism defined by G(g)(x) =
g(x).

The fact that F and G are well-defined on objects and morphisms follows from the
definitions and the equivalence of morphisms established in the preceding proposi-
tions. By definition, both F and G are covariant functors. We verify that FG = idcgs and
GF = idiky Where idcgs and idiky are the identity functors on the categories CES and
IKN respectively.

Let (X, <, ., 7) be an IKN-space. Then,

GF((X,<,.%,J,7)) = G((X, <,Rn, 7)) = (X, <, LRys Ry T)-

By Proposition 7.5, = fRN andJ = Jg,.; hence, GF((X, <, ], 7)) = (X, <, ], 7).
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Let (X, <,R, 7) be a concurrent Esakia space. Then
FG((X, <,R, 7)) = F(X, <, rJr 1) = (X, <, R, T).

By Proposition 7.6, R = Ry/,; hence, FG((X, <,R, 7)) = (X, <,R, 7).

It is evident, by the definitions of F and G, that FG(g) = g and GF(f) =f forallg €
Mces(X,Y)and f € Mgn(Z, T). Thus F and G are inverse functors, and the categories
CES and IKN are isomorphic. |

The above theorem and Theorem 6.18 allow us to obtain a new dual equivalence for
the category of CH-algebras.

Corollary 7.19: The category IKN js dually equivalent to the category CHA.
Proof: This follows directly from Theorems 6.18 and 7.18. |

We close this section by proposing an alternative semantics for the logic A(H) and
proving a completeness theorem.

Let A/ = (X, <,.%,J) be an IKN-frame. We say that M = (\, v) is an IKN-model if N is
an IKN-frame and v: Var — Up(X) is a valuation. We define the satisfaction relation I+
recursively as follows: for propositional variables and for the connectives { L, A, Vv, —},
the definitions are the same as on page 6, and

e M xIFlp
forally € % (x), M,y I ¢.
e M, xIFQp < 3IY e J(x) suchthat M,y ¢, VyeY.

Let us denote by A (IKNF) the logic defined by the class of all IKN-frames. That is,
A(KNF) = {p € Fm: N IF ¢, forall /' € IKNF}.

Let A(KCHA) be the logic defined by the class of algebras KCHA (recall the definition
of the satisfaction relation E given in (4)). In order to prove that A(IKNF) = A(KCHA),
we establish the following.

Proposition 7.20: Let v: Var — Up(X) be a valuation on an IKN-frame N = (X<
.7, ). The function h,: Fm — Up(X) defined by h,(¢) = {x € X : N, v,x IF ¢}, for every
@ € Fm, is a homomorphism of CH-algebras extending the function v.

Proof: It is straightforward by the definitions. |

Proposition 7.21: Let N = (X, <,.%, J) be an IKN-frame. For every formula ¢,

NIF¢ ifandonlyif Up(X) F g.

Proof: It follows straightforwardly from the previous proposition. |
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Corollary 7.22: A(IKNF) = A(KCHA).

Proof: Itis immediate from the previous proposition. [ |
Theorem 7.23 (Algebraic completeness): A(H) = A(KCHA).

Proof: By Corollary 7.10, Proposition 5.8, and Theorem 4.13, it follows that

A(KCHA) = A(CCHA) = A(CHA) = A(H).

|
Theorem 7.24 (Completeness with respect to IKN-frames): A(IKNF) = A(H).
Proof: By Corollary 7.22 and Theorem 7.23, we have
A(IKNF) = A(KCHA) = A(H). .

8. Conclusion

We have presented the class ICF of ic-frames (Definition 3.1), which is used to define,
in a neighbourhood-semantics way, a logic A (ICF). By definition, the logic A(ICF) has
an intuitionistic base and two modal operators. Since ic-frames fall within the class of
neighbourhood structures, and taking into account the axioms axiomatising this logic,
we might consider the logic A(ICF) to be a simplified version of intuitionistic dynamic
logic (see Wijesekera, 1990 for similar considerations). We have proposed a Hilbert-
style axiomatisation for the logic A(ICF). We denote by A(H) the logic defined by the
axioms proposed by the axiomatisation for A (ICF). Then we have introduced a class of
algebras, called concurrent Heyting algebras (CH-algebras), as an algebraic semantics
for A(H). We prove that the logic A(H) is complete with respect to the class of CH-
algebras. Subsequently, we presented a representation theorem for the class of CH-
algebras through the class of ic-frames. This representation allowed us to prove that
the logic A(H) is complete with respect to the class of ic-frames ICF; that is, A(ICF) =
A(H).In Section 7, we proposed a new relational semantics for the logic A(H). Unlike
ic-frames, the new structures, called intuitionistic Kripke neighbourhood frames (IKN-
frames), consist of two relations. One relation is used to model the normal operator [,
and the other is used to model the non-normal operator ¢. This approach provides an
alternative perspective for studying the logic A(H).
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