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Abstract

The present article aims to develop a categorical duality for the category of finite distributive
join-semilattices and A-homomorphisms (maps that preserve the joins and the meets, when
they exist). This dual equivalence is a generalization of the famous categorical duality given
by Birkhoff for finite distributive lattices. Moreover, we show that every finite distributive
semilattice is a Hilbert algebra with supremum. We obtain some applications from the dual
equivalence. We provide a dual description of the 1-1 and onto A-homomorphisms, and we
obtain a dual characterization of some subalgebras. Finally, we present a representation for

the class of finite semi-boolean algebras.
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1. Introduction and preliminaries

A join-semilattice (A,V,1) is said to be distributive when for all ay,...,a,,b € A, if
the infimum a; A -+ A a,, exists in A, then the infimum (a; V b) A --- A (a, V b) exists in
Aand (a1 VD) A -+ A(a, VD) = (ag A+ Aay) Vb Distributive semilattices were first
studied by Balbes [3] under the name of prime semilattices. Then, such semilattices were
studied by Varlet [23] and Cornish and Hickman [12] under the name of weakly distributive
semilattices. See also [19, 20]. An interesting class of distributive join-semilattices are those
which satisfy the lower bound property, that is each finite non-empty subset which is bounded
below has an infimum. Distributive join-semilattices satisfying the lower bound property are

also known in the literature as distributive nearlattices, and they were studied from different
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points of view: algebraic, topological and logical, see [18, 11, 7, 5, 8, 14, 16, 9, 15, 6, 17].
The class of distributive join-semilattices satisfying the lower bound property (distributive
nearlattices) contains all distributive lattices, and also all those join-semilattices in which
every principal upset is a Boolean algebra. These semilattices are known as semi-boolean
algebras and were studied by Abbott in [2, 1]. Abbott proved ([2]) that semi-boolean algebras
are in a one-to-one correspondence with implication algebras. The class of implication
algebras corresponds to the equivalent algebraic semantics of the implicational fragment of
the classical propositional calculus.

In this paper, we focus on the class of finite distributive join-semilattices, which is a
natural generalization of the class of finite distributive lattices and contains all finite semi-
boolean algebras. In Section 2, it is shown that every element of a finite distributive join-
semilattice is the infimum of all meet-irreducible elements (see Definition 2.3) above it.
Then, we show that in every finite distributive join-semilattice a binary operation — can be
defined in such a way that the resulting algebra is a Hilbert algebra with supremum [13, 10].
Section 3 is dedicated to reviewing the set-theoretic representation for finite distributive
join-semilattices (finite distributive nearlattices) given in [17]. In Section 4, we extend the
representation given in the previous section to a full dual equivalence for the category of
finite distributive join-semilattices and A-homomorphisms. Section 5 is concerned with some
applications of the dual equivalence. We characterize the 1-1 and onto A-homomorphisms.
This leads to obtaining an effective method to produce subalgebras that are closed under
finite existent infimum. We also obtain a representation for the class of all finite semi-boolean
algebras.

We close this section by presenting some notations and basic definitions.

Let P be a poset. A subset X C P is called an upset of P when for every x € X and
y € P, if x <y, then y € X. Dually we have the notion of downset of P. For every subset
X CP,let

(X)p:={aeP:3xe X(x<a)} and (X]p:={a€P:3xe€ X(a<ux)}.

Notice that for every z € P we write [z)p :={a € P:x <a} and (z]p :={a € P:a < x}.
We also need the following notations. If ) C P and x € P, then

(1) ={yeQ:x<y} and (zlg:={yeQ:y<uz}

For us, semilattice will mean a join-semilattice with a top element (A,V,1). Thus, the

partial order < associated with a semilattice (A,V,1) is given by: a <b <= a Vb=,
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for all a,b € A. Then, a V b is the supremum of a and b in A. Clearly, the infimum of two
elements of A does not necessarily exist in A. Throughout the paper, we write a1 A--- Aa,
meaning that the infimum of a4, ..., a, exists and it is a; A -+ A a,.

Let A be a semilattice. A subset F' C A is said to be a filter of Aif (i) 1 € F, (ii) F is
an upset of A, and (iii) if a,b € F and a A b exists in A, then a Ab € F. Let us denote by
Fi(A) the collection of all filters of A. It is straightforward to check directly that Fi(A) is

an algebraic closure system, and thus Fi(A) is a complete lattice.

Definition 1.1. A semilattice A is said to be distributive when for all aq,...,a,,b € A,
if ag A -+ A ay exists in A, then (a3 Vb) A--- A (a, Vb) exists and (a3 A--- ANa,) Vb=
(g VBO) A -+ A (a, VD).

Lemma 1.2 ([12]). A semilattice A is distributive if and only if the lattice Fi(A) is distribu-

tive.

Let A be a distributive semilattice and X C A. We denote by Fig 4(X) the filter generated
by X. Hence, by [12], we have that

Fig,(X)={a€ A:3ay,...,a, € [X)st. a=a; N+ Nay}. (1.1)

Let A be a semilattice. A subset I C A is called an ideal of A if it is a downset of A and
forall a,b € I, aV b€ I'. For every subset X C A, the ideal generated by X is denoted by
Idg4(X) and Idg4(X)={a€ A:a <z, V---Va,, forsome zi,...,z, € X}.

Let (A,Vv,1) and (B,V,1) be semilattices. A map h: A — B is said to be a homo-
morphism if h(1) = 1 and for all a,b € A, h(a VvV b) = h(a) V h(b). We will say that h
is a A-homomorphism if it is a homomorphism and for all a,b € A, if a A b exists in A,
then h(a) A h(b) exists in B and h(a A b) = h(a) A h(b). We will say that h: A — B is a

A-embedding if it is a 1-1 A-homomorphism.

2. Finite distributive semilattices

A semilattice A is said to have the lower bound property if any two elements that are
bounded below have an infimum. Notice that a semilattice A has the lower bound property
if and only if for every a € A, the principal upset [a) is a lattice. Hence, the following result

is straightforward.

INotice that we are allowing that the empty set is an ideal.

3



Lemma 2.1. Let A be a semilattice. The following are equivalent.
(i) A has the lower bound property and it is distributive.

(11) For every a € A, [a) is a distributive lattice.

The semilattices A satisfying the above condition (ii) are called distributive nearlattices.
By Lemma 2.1, we can apply all the results and facts known about distributive nearlattices
to distributive semilattices satisfying the lower bound property. The following proposition

is straightforward, but it will be important for us.

Proposition 2.2. Let A be a distributive semilattice. If A is finite, then A has the lower

bound property. Hence, A is a distributive nearlattice.
From now on, all semilattices will be finite.

Definition 2.3. Let A be a semilattice. An element m € A is said to be meet-irreducible
(or simply irreducible) if m # 1 and for all a1, ay € A, if a3 A ay exists and ay A ag = m, then

a; = MmMm Oor as = M.
Let Irr(A) be the set of all irreducible elements of a semilattice A.

Lemma 2.4. Let A be a distributive semilattice. An element m € A is irreducible if and

only if for all ay,as € A, a1 N\ ag < m implies that a; < m or as < m.
The following proposition is fundamental for the representation given in the next section.

Proposition 2.5 ([17, Theo. 5.3]). Let A be a finite distributive semilattice. Then, for
every a € A, we have

a= /\{m € Irr(A) :a <m}.

Remark 2.6. The above proposition tells us that every element is the infimum of the
irreducible elements above it. But, notice that not every subset of irreducible elements has

an infimum.

Now we will see that finite distributive semilattices are very closely related to finite
distributive lattices. Recall that every finite distributive lattice L is, in fact, a Heyting

algebra, where the Heyting implication is given by:

a—>b:\/{x€L:a/\x§b}.
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Let (A,V,1) be a finite distributive semilattice and a € A. We denote by A, the meet on
l[a). Thus ([a), A, V,a,1) is a finite distributive lattice. Hence, [a) is a Heyting algebra,

where the Heyting implication —, on [a) is given by:

x—>ay:\/{z€[a):x/\az§y} (2.1)

for all z,y € [a). Then, we can define a binary operation — on A as follows: for every
a,b e A,
a—b:=(@Vvb) —pb (2.2)

Let us use the operation — to characterize the irreducible elements.

Proposition 2.7. Let A be a finite distributive semilattice. Let 1 # m € A. Then, m is

irreducible if and only if for every a € A, a < m ora — m =m.

Proof. Assume that m is irreducible, and let a € A. Since [m) is a Heyting algebra and
mV a € [m), it follows that (m V a) A ((m V a) —,, m) = m. Then, since m is irreducible,
we have that m Va=m or (mV a) =, m =m. Hence a <m or a - m =m.

Conversely, assume that for every a € A, a < m or a — m = m. Let a,b € A
be such that a A b exists and suppose that m = a A b. Suppose by contradiction that
m < a and m < b. Then a - m = m and b — m = m. Given that a,b € [m), we
obtain that ¢« - m = a —,, mand b - m = b —,, m. Thus a —,, m = m and
b =, m =m. Then, (a Ab) =, m =a = (b =, m) = a —, m = m. Thus we have
1=m —, m=(aANb) =, m =m, which is a contradiction. Hence, m = a or m = b.

Therefore, m is irreducible. O

Definition 2.8. Let A be a distributive semilattice. A pair (L4, e4), where L4 is a bounded
distributive lattice and e4: A — L4 is a A-embedding, is said to be a free distributive lattice
extension of A if e[A] is finitely meet-dense in L, and the following universal property
holds: for every bounded distributive lattice M and every A-homomorphism h: A — M,

there exists a unique lattice homomorphism h: L A — M such that h = hoe A-

In [12] it is shown that every distributive semilattice A has a free distributive lattice exten-
sion, and the finite meet-density implies that it is unique up to isomorphism.
The following proposition tells us how we can construct the free distributive lattice

extension of a finite distributive semilattice.

Proposition 2.9 ([17, Prop. 5.4]). Let A be a finite distributive semilattice and (La,ea)
its free distributive lattice extension. Then, e[lrr(A)] = Irr(La).

b}



Remark 2.10. Let A be a finite distributive semilattice. Then, its free distributive lattice
extension L, is finite. It is well-known that L, o Up(Irr(L4)) (where Up(X) denotes the
lattice of all upsets of a poset X). By the previous proposition we obtain that Irr(A) and
Irr(L,) are order-isomorphic. Hence, Ly4 = Up(Irr(A)).

Notice that if A is a finite distributive semilattice, then its free distributive lattice exten-
sion L4 is also finite. Thus L4 is a Heyting algebra. Now we show that the A-embedding e 4
preserves the operation on A defined by (2.2). This is made clear by the next proposition.

Proposition 2.11. Let A be a finite distributive semilattice and (L4, e) its free distributive
lattice extension. Then, for all a,b € A, ea(a — b) = ea(a) — ea(d).

Proof. Let a,b € A. Since [b) is a Heyting algebra, it follows that (a VvV b) A, ((aV b) =3 b) =
(aVb) A\pb. Thus we have (aVb)A(a — b) = b. Now, given that e4 is a A-homomorphism, we
obtain that (e4(a)Vea(b)) Aea(a — b) = ea(b). Then (es(a)Nea(a — b))V (ea(b) Nea(a —
b)) = ea(b). Since b < a — b, we have that (es(a) Aea(a — b)) Vea(b) = ea(b). Hence,

eala) Nea(a—b) <ea().

Now we show that e4(a — b) is the greatest element in L, satisfying the above condition.
Let u € Ly be such that es(a) A u < es(b). We need to prove that u < es(a — b). By
Proposition 2.5, it is enough to prove that for every y € Irr(L4), ea(a — b) < y implies that
u < y. Let x € Irr(A) be such that eq(a — b) < ea(x) (recall that es[lrr(A)] = Irr(La)).
On the one hand, notice that @ — b= (aVb) —, b= \/{c € [b) : (aVb) Ay c < b}. Thus
eala — b) = \{ealc) : c€[b), (aVb)Ac<b}. Then, we have that es(c) < es(x), for all
¢ € [b) such that (aVb) Ac < b. On the other hand, since there are ay, ..., a, € A such that

u=-ey(a;) N---Aea(a,) and since e4(a) A u < es(b), it follows that

ea(b) = (eala) Vea(b)) A (uVea(b))
=ea(aVb) Alealar) Vea(d) A A(ealan) Vea(b))]
=eas((aVb)A(ag VB)A---A(a, VD).

Then b= (aVb)A(ay VO)A---A(a, Vb). Let ¢:= (a1 VD) A---A(a,Vb). Thus, ¢ € [b) and
(avb)Ac <b. Hence es(c) < eu(x). Thatis, es(a; VO)A---Nea(a, VD) < ea(x). Since eq(z)
is irreducible, it follows that there is i € {1,...,n} such that es(a;) < ea(a; V b) < es(z).
Then, u < e4(x). Hence u < e4s(a — b). Therefore, e4(a — b) = ea(a) — ea(b). O
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Hilbert algebras with supremum correspond to the implication-disjunction subreducts
of Heyting algebras. For further reading on Hilbert algebras, see [13, 22|, and on Hilbert

algebras with supremum, see [21, 10].

Corollary 2.12. Every finite distributive semilattice A is a Hilbert algebra with supremum,
with the implication defined by (2.2).

Proof. Let A be a finite distributive semilattice. Then, by Proposition 2.11, we have that the
algebra (A, V,—, 1) is isomorphic to the implication-disjunction subreduct (e4[A],V,—, 1)
of the Heyting algebra L4. Hence, the algebra (A,V,—, 1), with — defined by (2.2), is a
Hilbert algebra with supremum. O

3. Representation

In this section, we present the representation for finite distributive semilattices given in
[17]. Recall that finite distributive semilattice is equivalent to finite distributive nearlattice,
as it was named in [17]. Also, we point out that in [17, Sec. 5] the authors worked with the
lattice of downsets, ordered by inclusion, of a poset. In the present article, we choose (as
will become clear in the following sections) to work dually with the lattice of upsets, ordered
by reverse inclusion. Thus, the results and the definitions given in [17] are dually presented
here.

From now on, given a poset X, let us consider the collection of all upsets of X, denoted
by Up(X), ordered by 2. Thus (Up(X), M, L) is a distributive lattice, where the meet M is
U and the join U is N. Then, for all U,V € Up(X), we have U TV <= V C U. Notice
that Irr(Up(X)) = {[z)x : © € X}. The next definition corresponds dually to the definition
of DN-structure given in [17, Def. 5.6].

Definition 3.1 ([17, Def. 5.6]). A DS-structure is a pair (X, ) such that X is a poset and
v: Up(X) — {0,1} is a map satisfying the following:

(S1) ~(0) = 1;
(S2) y([x)) =1, for all x € X;
(S3) for all U,V € Up(X), U C V implies v(V) < v(U).

We say that a DS-structure (X, ) is finite if the poset X is finite.



Let (X,7) be a DS-structure. Let
A(X) :={U € Up(X) : v(U) = 1}.

Thus A(X) C Up(X), and by condition (S3), it follows that A(X) is closed under LI = .

Proposition 3.2 ([17, Prop. 5.7]). Let (X,~) be a finite DS-structure. Then (A(X), U, 0)
is a finite distributive semilattice and (Irr(A(X)),C) = (X, <).

Remark 3.3. Let (X,~) be a finite DS-structure. Let U,V € A(X). If the infimum of U
and V exists in A(X), then it is UUV. Thatis, UNV =U UV € A(X).

Now, let (A, V, 1) be a finite distributive semilattice and let
X(A) = (Irr(A),74)

be the pair where Irr(A) is the sub-poset of irreducible elements of A and v4: Up(Irr(A)) —
{0,1} is the map defined by:

yalU) =1 <= /\U exists in A

for every U € Up(Irr(A)).

Proposition 3.4 ([17, Prop. 5.8]). Let (A,V,1) be a finite distributive semilattice. Then,
X (A) = (Irr(A),va) is a DS-structure.

Given a finite distributive semilattice A, we have that (A(X(A)),U,0) is a finite dis-
tributive semilattice, where A(X(A)) = {U € Up(Irr(A)) : v4(U) = 1} and U = N.
Theorem 3.5 (Representation, [17, Theo. 5.9]). Let (A, V,1) be a finite distributive semi-
lattice. Then, the map aa: A — A(X(A)) defined by aa(a) = {x € Irr(A) : a < x} is an
1somorphism.

Roughly speaking, given a DS-structure (X, ), X represents the poset of irreducible ele-

ments of the distributive semilattice A(X), and the map 7 tells us which infima of irreducible

elements exist in A(X).

Example 3.6. Let A be the distributive semilattice given in Figure 1. Thus X := Irr(A4) =
{x1, T2, x3, 74, x5}. Figure 1 shows the poset X partially ordered by the partial order induced
by A. Then,

AX) =72 {1 = {0} U{lwi)x -1 =1,2,3,4,5} U{[rs)x U [za)x, [za)x U [25)x}-
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Figure 1:

Remark 3.7. Let A be a finite distributive lattice. Then, v4: Up(Irr(A)) — {0, 1} is such
that y4(U) = 1, for all U € Up(Irr(A)). Then, A = A(X(A)) = Up(Irr(A)). Thus, we
obtain the representation given by Birkhoff for finite distributive lattices [4].

4. Categorical duality

Now we proceed to extend the representation developed in the previous section to a
full categorical dual equivalence. Let us denote by DS' the category of finite distributive
semilattices and A-homomorphisms. We need to find the right morphisms between DS-

structures that correspond to the A-homomorphisms.

Definition 4.1. Let (X, ~) and (Y, 7) be DS-structures. We will say that f: (X,~) — (Y, 7)

is a DS-morphism if f: X — Y is a partial function satisfying the following conditions:
(M1) For all 21,z € dom f, if 1 < x9, then f(x1) < f(z2);
(M2) dom f € Up(X);

(M3) v (f~V]) =1, for every V € Up(Y) such that 7(V) = 1.



Notice that if f: X — Y is a partial function satisfying conditions (M1) and (M2),
then f~'[V] € Up(X), for every V € Up(Y). Moreover, recall that given two partial
functions f: X — Y and ¢g: Y — Z, the composition go f: X — Z is defined as follows:
dom(go f) = f'[domyg] = {x € X : z € dom [ and f(z) € dom g}.

The proof of the following proposition is straightforward.

Proposition 4.2. If f: (X,v) — (Y, 7) and g: (Y, 7) — (Z,n) are two DS-morphisms, then
the partial map go f: (X,~v) — (Z,n) is also a DS-morphism.

Now we are in a position to define the category S' of finite DS-structures and DS-
morphisms.

For what follows, we need the following notion and some results. A proper ideal I of A
is said to be prime if whenever a,b € A are such that a A b exists and a Ab € I, then a € |
or b € I. Notice that if A is a finite semilattice, then all ideals of A are of the form (al, for

some a € A.

Lemma 4.3. Let A be a finite distributive semilattice and P an ideal of A. Then, P is a
prime ideal if and only if there is x € Irr(A) such that P = (z].2

Lemma 4.4 ([7]). Let A and B be finite distributive semilattices and let h: A — B be a
A-homomorphism. Then, for every prime ideal P of B, h™'[P] is a prime ideal of A.

Let h: A — B be a A-homomorphism between finite distributive semilattices. Let us
define the partial function f,: X(B) — X(A) as follows:

dom f, = {y € rr(B) : b Y [(y]g] #0} and  fo(y) = \/ h(ylg]

for every y € dom f,. By Lemmas 4.3 and 4.4, it follows that f; is a well-defined partial

function.

Lemma 4.5. Let h: A — B be a A-homomorphism. Then, for every a € A and y € Irr(B),
we have
h(a) <y <= yedomf, and a < fu(y).

Proof. 1f h(a) < y, then a € h™!(y]g]. Thus y € dom f; and a < \/h7'[(y]] = fu(y).
Conversely, assume that y € dom f, and a < fi,(y). Since h™'[(y]p] is an ideal of B and
since fr(y) =\ h7(y]] € h=1[(y]], it follows that a € h='[(y]]. Hence, h(a) < y. O

2This result is a direct generalization from the lattice case, and it was proved by Dr. Ismael Calomino.
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Proposition 4.6. Let h: A — B be a A-homomorphism. Then the partial function fy: X(B) —
X(A) is a DS-morphism.

Proof. Condition (M1) is straightforward. In order to prove condition (M2), let y € dom f,
and y' € Trr(B) be such that y < /. Thus, we have h[(y]p] C h™'[(v/]5]. Since y € dom fj,,
it follows that h='[(y]g] # 0. Then, A7'[(y']] # 0. Thus ¥ € dom f,. Hence dom f, €
Up(Irr(B)). Now, to prove condition (M3), recall from Theorem 3.5 that

A(X(A)) = {U € Up(Ire(A)) : 7(U) = 1} = {aa(a) : a € A}

where as(a) = {x € Irr(A) : @ < x}. Thus, by Lemma 4.5, we have ag(h(a)) = f; [aa(a)],
for every a € A. Then, we obtain that

v (fy Heeala)]) = v (ap(h(a))) = 1

for every a € A. m

Now let f: (X,v) — (Y, 7) be a DS-morphism. We define the map hs: A(Y) — A(X)
as follows: h; (V) := f~1[V], for every V € A(Y).

Proposition 4.7. Let f: (X,v) — (Y, 7) be a DS-morphism. Then, the map hy: A(Y) —
A(X) is a A-homomorphism.

Proof. By condition (M3) we obtain that f;, is well-defined. Let Vi, V, € A(Y'). Then,
hy(Vi UVa) = PV Ve = FU VA VA = (V) Uiy (V).

Now suppose that there exists the infimum V3 M V5 in A(Y). Recall that V3 MV, = V3 U Va.
Then, it is clear that hy(V1MV2) = hy(V1)Mhg(Vz2). Moreover, we have hy(()) = (). Therefore,

hy is a A-homomorphism. O
Proposition 4.8. Let h: A — B and k: B — C be A-homomorphisms. Then, fron = fnofr.
Proof. First, we need to show that dom fiop, = dom (fj o fi). Let z € Irr(C). Then,

z €dom (fpo fr) <= z € dom f and fr(z) € dom f,

<= zcdom f and h ' [(fu(2)]B] # 0
<= z€€dom f; and Ja € A s.t. h(a) < fr(z)
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Mdd 30 € A sit. k(h(a)) <z

<= (koh)"[(z]c] #0

<= z € dom frop.

Now let z € dom fyon, = dom (fy, o fi). For every a € A, we have

a € h[(fu(2)]B] == h(a) < fi(2)
= k(h(a)) <z < ac (koh)[(z)c].

Then h[(fr(2)]s] = (ko h)7'[(z]¢]. Hence,

(foo fi)(z) = fulfe(2)) = \/ R {(fe(2)]B] = \ (ko )M (=]e] = fuon(2)- =

Proposition 4.9. Let f: (X,v) — (Y, 7) and g: (Y, 7) — (Z,n) be DS-morphisms. Then,
hgof - hf @) hg.

Proof. Let hy: A(Z) — A(Y) and hy: A(Y) — A(X) be the dual A-homomorphisms of ¢
and f, respectively. Let W € A(Z). Then,

haor(W) = (g0 f)7 W] = f g~ (W] = hy(hy(W)) = (hys 0 hyg)(W).

Hence, hgor = hy o hy. ]

Recall that a partial function f: X — Y is an isomorphism in the category of sets
and partial functions if and only if f is a bijective total function. Then, a DS-morphism
f:(X,v) = (Y,7) is an isomorphism in the category S! if and only if f: X — Y is an
order-isomorphism, and for every U € Up(X), yv(U) =1 <= 7(f[U]) = L.

Let (X,v) be a DS-structure. Recall that A(X) = {U € Up(X) : v(U) = 1} and
X(A(X)) = (Irr(A(X)), vacx)), where Irr(A(X)) = {[z)x : @ € X} and y4x): Up(Irr(A(X)) —
{0,1}. We define the map Ox: (X,v) — X(A(X)), as follows: Ox(z) = [z)x, for every
reX.

Proposition 4.10. Let (X, ) be a DS-structure. Then, the function 0y : (X,v) — X (A(X))

is an isomorphism in S*.

Proof. 1t is straightforward by Proposition 3.2. O
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Proposition 4.11. Let f: (X,v) — (Y, 7) be a DS-morphism, and let h: A — B be a

A-homomorphism. Then, the following diagrams

h f

A B (X,7) (Y,7)
oA ap Ox h Oy
A(X(A)) Ty A(X(B)) X(A(X)) o X(AY))

commute.

Proof. Let a € A. By Lemma 4.5, we have ap(h(a)) = f; '[aa(a)]. Then, (ap o h)(a) =
ap(h(a)) = fi aala)] = by, (aala)) = (hy, 0 as)(a).

In order to prove that the second diagram commutes, first we need to show that dom (fj, o
fx) = dom (fy o f). Recall that hy: A(Y) — A(X) is given by hy(V) = f~![V], and
Jny;r X(A(X)) = X(A(Y)) is defined by dom f, = {[z) € Trr(A(X)) : h;l[([ﬂi)]A(X)] # 0}
and fn,([7)) =V h;l[([aj)]A(x)]. Then, on the one hand we obtain that

v €dom(fy, 0fx) <= z€ G_I[domfhf] < [z)x € dom fj,
7 ()] ac)] #

HV € A(Y) s.t. hf(V) €

Ve AY) s.t. he(V) C [ )

Ve A(Y) s.t. [x)

WV e AY)st ze

x € dom f.

Cf
do

IHHHHHI

Thus, dom (f4, o x) = dom f. On the other hand,
z€dom(fyof) < x€ fdomby] — z€ f']Y] & z & domf.
Hence, dom (fy o f) = dom f = dom (f,, 0 0x). Now let z € X and V' € A(Y'). Then,

Ve hi[([0)]a)] == he(V) € ([2)]acx
= [TV]E [o)x
= [r) C f[V]
<= r€domfand f(z) eV

13



= [fl)y cV
= VL [f(2))y

Hence, we obtain that \/ h;l[([x)]A(X)] = [f(x))y. Therefore,

(fiy 0 0x)(x) = fi, (1)) = \/ 17 [([0)]acx)]
= [f(@)y = by (f(2)) = (By o f)(x). B

Now we are ready to establish the main result of this section.

Theorem 4.12. The categories DS' and St are dually equivalent.

Proof. Let T': DS' — S' be defined by: for every object A, T'(A) = X(A), and for every
morphism h: A — B, I'(h) = fr: X(B) — X(A). By Propositions 3.4, 4.6 and 4.8, I' is a
well-defined contravariant functor. Let A: S — DS’ be defined by: for every object (X, ),
A((X,7)) = A(X), and for every morphism f: (X,~v) — (Y, 7), A(f) = hy: AY) — A(X).
By Propositions 3.2, 4.7 and 4.9, we have that A is a well-defined contravariant functor.
Finally, let a: 15 — Aol given by: for every A € DS', a(A) = as: A — (Aol)(A); and
let @: 15 — ['o A be given by: for every (X,7) € St, (X) = 0x: (X,7) = (Lo A)((X,7)).
Then, from Theorem 3.5 and, by Propositions 4.10 and 4.11, we obtain that « and 6 are

natural isomorphisms. Therefore, the categories DS' and S are dually equivalent. n

Remark 4.13. Let DL be the category of finite distributive lattices and lattice-homomorphisms.
It is clear that DL is a full subcategory of DS'. If we restrict the functor I’ to DL!, we
obtain that T': DL' — P is a dual equivalence, where P is the category of posets and

order-preserving maps.

5. Some applications of the dual equivalence between DS’ and Sf

5.1. 1-1 and onto N-homomorphisms

In order to prove one of the main results of this subsection we need the following. Recall
that a proper ideal I of A is said to be prime if whenever a,b € A are such that a A b exists
and aAbe I, thenaclorbel.

Lemma 5.1 ([18]). Let A be a finite distributive semilattice. Let F' be a filter and I a non-
empty ideal of A. If F NI = (), then there exists a prime ideal P of A such that FN P = ()
and I C P.

14



Proposition 5.2. Let A and B be finite distributive semilattices and h: A — B a N-
homomorphism. Then h is 1-1 if and only if its dual DS-morphism fy: X(B) — X(A) is

an onto partial function.

Proof. Assume first that h is 1-1. Let = € Irr(A). Let
F:=TFigg (b[(«]])  and [I:=Idgg (h[(«]]).

Suppose that NI # (. So, there is b € FNI. On the one hand, by (1.1), there
are ap,...,a, € (x]°and by,...,b, € B such that for every i = 1,...,n, h(a;) < b; and
b=0byA---Ab,. On the other hand, since b € I, there is a € (z] such that b < h(a). For every
i =1,...,n, weobtain that h(a;Va) = h(a;)Vh(a) < b;Vh(a). Let @’ := (a1Va)A- - -A(a,Va).
Since for every i = 1,...,n we have a; V a € (2] it follows that o’ € (z]°. Now notice that
h(a") = h(a; Va)A--- Ah(a, V a)
< (by Vh(a)) A+ A (b, V h(a))
=(by A---Aby) V h(a) = h(a).
Then, since h is an embedding, we have that ' < a. Hence ' € (z], which is a contradiction.
Therefore, we conclude that F NI = (). Then, by Lemma 5.1, there exists a prime ideal
P of B such that FN P =0 and I C P. Now from Lemma 4.3, there is y € Irr(B) such
that P = (y]. Thus h[(z]] N (y] = 0 and h[(z]] C (y]. It follows that h~'[(y]] = (z]. Hence,
y € dom f;, and fi,(y) = \/ h [ (y]] = V(2] = 2. Therefore, fj, is onto.

Conversely, assume that the DS-morphism fj,: X(B) — X(A) is onto. Let a,a’ € A
be such that h(a) = h(a’). Let z € Irr(A) be such that o’ < x. Since f, is onto, there
is y € dom f, such that f(y) = x. Since ' < x = f,(y), it follows by Lemma 4.5 that
h(a') <y. Thus h(a) < y. By Lemma 4.5, we obtain that a < f;(y) = x. Then, we have
proved that Vo € Irr(A)(¢/ <z = a < x). Hence a < d/. Similarly we have that o’ < a.
That is, a = a’. O

Proposition 5.3. Let A and B be finite distributive semilattices and h: A — B a N-
homomorphism. Then, h is onto if and only if the dual DS-morphism fy: X(B) — X(A)

satisfies the following conditions:
(i) dom f;, = Irr(B);

(11) fn is an order-embedding;
15



(ii1) For every V € A(X(B)),
’YA(U{fh )ier(A :yEV})zl.

Proof. Assume that h is onto. Let y € Irr(B). Since h is onto, there is a € A such that
h(a) = y. Then a € h™[(y]p]. Thus h*[(y]p] # 0. Hence y € dom f,. We have proved
that dom f, = Irr(B). In order to prove condition (ii), let y1,y, € dom f; be such that
frn(y1) < fu(y2). By definition of f,, we obtain that \/ A~ [(y1]5] <V h™'[(y2]5]. Now, since
h is onto, there are ay, ay € A such that h(a;) = y; and h(az) = yo. Let

h'onlel ={ar,-,a,} and A7 (o)) = {ai,... ap,}.

Given that h(a;) = y;, we have a; € h™'[(y1]p]. Moreover, for every i = 1,...,n, h(a ) <
y1 = h(a;). Hence h(a;) = h(al) V---V h(a}). Similarly, we have that h(as) = h(al) IVEERAY,
h(a?Z). Since a; V ---Va: < a}V---Va?, it follows that

y1 = h(a1) = h(a;) V -+ V h(a,) < hlay) V- -+ V hay,) = h(az) = y.

Hence fj is an order-embedding, and thus condition (ii) holds. Let V € A(X(B)). Recall
that A(X(B)) = {agp(b) : b € B}. Thus, V = apg(b) for some b € B. Since h is onto, there
is a € A such that h(a) = b. Let usshowthatU{ To(¥)) ey 1y € V} Cagla). Lety e V.
By Lemma 4.5, we have V = ag(b) = ag(h(a)) = f, [aa(a)]. Then, fi(y) € aa(a). Since
a(a) is an upset of Irr(A), it follows that [f4(y))ma) € aala). Hence [U{[fn(¥))ura) 1 y €
V} C aa(a). Now, since ya(aa(a)) = 1, and by condition (S3) of Definition 3.1, it follows
that 4 (U{[/n(¥))ur(a) : y € V}) = 1. Hence, condition (iii) holds.

Conversely, suppose that f, satisfies conditions (i)—(iii). Let b € B. By condition (iii),

we have that
a (U0 v € as®)}) =1

Let U := U{[fa(¥))ura) : ¥ € ap(b)}. Then, we obtain that U € A(X(A)). Thus, there
is a € A such that U = aa(a). We prove that h(a) = b. Let y € Irr(B). If b < y, then
() € [fa(y))uray € U. Tt follows that a < f,(y), and thus h(a) < y. Hence h(a) < b.
Now suppose that h(a) <y. Thus a < fi(y). Then f,(y) € aa(a) = U. It follows that there
is ¥ € ap(b) such that f,(v') < fu(y). Since f;, is order-embedding, we have that iy < y.
Then y € ap(b), and thus b < y. Hence b < h(a). Therefore, h(a) = b. O

16
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Figure 2:

The following example shows that condition (iii) of the previous proposition is not a
consequence of conditions (i) and (ii). In other words, conditions (i) and (ii) on f;, does not

imply that h is onto.

Example 5.4. Consider the diagrams in Figure 2. It is clear that f, satisfies conditions
(i) and (ii) of Proposition 5.3. It is also clear that h is a A-homomorphism and it is not
an onto map. Let us see that f;, does not satisfy condition (iii) of Proposition 5.3. Recall
that for every U € Up(Irr(A)), va(U) = 1 iff AU exists in A. Moreover U € A(X(A)) iff
U € Up(Irr(A)) and v4(U) = 1. Let V := {y1,y2}. Thus V € A(X(B)). We have

UL @D :y € V= 1a@)ieecay U L (W2)ieea) = {21, 22}

Then, v (U {[f2(¥))ie(a) : y € V'}) # 1. Hence, condition (iii) does not hold.

5.2. N-subalgebras

Let (A, V, 1) be a finite distributive semilattice. We will said that a subalgebra (Ag, Vv, 1)
of (A,V,1) is a A-subalgebra when for all aq,...,a, € Ag, if a; A -+ A a, exists in A, then
ai N+ Na, € Ay.

Our main goal in this subsection is to obtain, from the dual equivalence, an effective

method to characterize all the A-subalgebras of a finite distributive semilattice.

Remark 5.5. Let (A4, V, 1) be a finite distributive semilattice and (Ao, V, 1) a A-subalgebra.
Let ay,...,a, € Ag. If a3 Aa, -+ A4, ap, exists in Ag, then a3 Ag, -+ Aay @ = a1 A+ A ay,.
That is, the infimum of {ai,...,a,} exists in A and it is a; Aa, - Aa, a,. Hence, every

A-subalgebra is also distributive.

Let (A,V,1) be a finite distributive semilattice and (X,~) its dual DS-structure. From
Proposition 5.2, we have that the A-subalgebras of A are dually characterized as those
DS-structures (Y, 7) for which there is an onto DS-morphism f: (X,v) — (Y, 7).
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Let (X,~) and (Y,7) be finite DS-structures. Let f: (X,~v) — (Y, 7) be an onto DS-
morphism. Let X := dom f € Up(X). Let 6 := {(z,2') € X2 : f(z) = f(2/)}. It is clear

that 0 is an equivalence relation on Xy = dom f. Let
Xo/bf :={x/0; : x € dom f}.
We define a binary relation < on X,/6; as follows:
x/0y 22/ = f(z) < f(2),

for all z, 2’ € dom f. Notice that the definition of the relation < does not depend on the

representatives in the equivalence classes.
Proposition 5.6. The relation < is a partial order on Xy /0.

We define the canonical partial function 7: X — X,/ as follows:
domm =dom f and 7(x)=x/0;,

for every x € dom 7. It is straightforward to show directly that = satisfies conditions (M1)
and (M2) of Definition 4.1.
Now let us define a (total) function f: X,/ 6y — Y as follows:

-~

f(x/0p) = f(),
for every x € dom f. By the definition of 0, we have that fis well-defined.
Proposition 5.7. The map [ : (Xo/0f, <) = (Y, <) is an order-isomorphism.

Proof. Let x/0f,2'/0; € X(/0¢. Then, by the definition of < and ]?, we have

~ ~

z/0 22'/0p = [f(z) < f(&) = [f(z/07) < f(2'/0p).

Thus, ]?is an order-embedding. Moreover, since f is onto, it follows that fis also an onto
map. Hence, ]?is an order-isomorphism. O

-~

Now we define a map 7: Up(Xy/0f) — {0,1} as follows: ¥(W) = 7(f[W]), for every
W e Up(Xo/0y).

Proposition 5.8. (X,/0,7) is a DS-structure.
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Proof. (S1) 5(0) = 7(F9)) = 7(0) = 1. i
(S2) Since f is an order-isomorphism, it follows that t fllz/0f)x00,] = If (x/Hf))y. Then,

2l ([x/ef)Xo/ef) =T (J?[[x/ef)xo/ef > ( (x/8f) y> =1.

~ ~

(S3) Let Wy, Wy € Up(Xo/6f) be such that Wy C Wy, Thus f[W;] C f[W,]. Then,
W) = 7 (fwa]) < 7 (FIw]) =F(0). =

Theorem 5.9. The function f: (Xo/0;,7) — (Y, T) is an isomorphism in the category S*.
Proof. From Proposition 5.7, we have that ]?: Xo/6; — Y is an order-isomorphism, and by
the definition of 7, it follows that

W) =1 = 7(fiIW]) =1,

for every W € Up(Xo/6y). Therefore, £ is an isomorphism of S. O

Finally, we are ready to obtain a dual characterization of the A-subalgebras. Let A be
a finite distributive semilattice and (X, ) its dual DS-structure. Then, by Proposition 5.2
and Theorem 5.9, we obtain that the A-subalgebras of A are dually characterized by the
DS-structures of the form (X(/6,7) satisfying the following conditions:

(1) Xo € Up(X);
(2) 0 is an equivalence relation defined on Xj;

(3) Xo/6 is partially ordered by a partial order < such that the canonical partial function
m: X — Xo/0, defined by 7(z) = x/0 for every x € X, is order-preserving;

(4) 7: Up(Xo/0) — {0, 1} is a function such that (Xy/6,7) is a DS-structure and 7: (X, ~) —
(Xo/0,7) is a DS-morphism.

Example 5.10. Let A be the distributive semilattice given in Figure 3. Then X := Irr(A) =
{x1, T9, 3,74, x5, 16} and X is ordered by the order induced by the order of A, see Figure 3.
Recall that v4: Up(X) — {0, 1} is defined as: y4(U) = 1 iff A U exists in A. Hence (X, v4)
is the dual DS-structure of A. We recall that A(X) = {U € Up(X) : y4(U) = 1} and A =
A(X). Thus A(X) = {0} {[xi)x i =1,...,6}U{[xs) xU[zs) x, [r4) xU[T6) x, [5) x U[z6) x }-
Now let us build up a A-subalgebra of A following the previous steps:
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Ty T
a b & X1 ) €3
X =Irr(A)
I T T3
A
Figure 3:
0
x4/0 x5/0
[4/0) [%5/0)
x4/0) U [x5/0)
IQ/QZZBG/Q 1‘1/9 [x2/0)
(Xo/0,7) [z1/0)
A(Xo/0)
Figure 4:

(1) Let X() = {$1,$2,JI4,$5,$6} S Up(X),
(2) Let 6 be the least equivalence relation such that (xs, z4) € 6;
(3) Let < be the partial order on X,/0 as given in Figure 4;

(4) Let 7: Up(Xo/6) — {0,1} be defined as follows:
A(Xo/0) =7 {1}] = {0, [21/0), [22/0), [4/0), [25/9). [24/0) U [25/0)}.

Hence (A(X,/60),U,0), with LI = N, is (isomorphic to) a A-subalgebra of A, see Figure 4.

5.3. Finite semi-boolean algebras

A semilattice (A, V, 1) is called a semi-boolean algebra (see [2]) if every principal upset
[a) is a Boolean algebra. Thus, it is clear that semi-boolean algebras are, in particular,
distributive semilattices satisfying the lower bound property. In this subsection, we obtain

a representation for the class of finite semi-boolean algebras.
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Let A be a semilattice. An element x € A is said to be a dual atom if x # 1 and there
is no element a € A such that z < a < 1. We denote by Atq(A) the collection of all dual
atoms of A.

Let (A, V,1) be a finite distributive semilattice. Recall that for every a € A, [a) is a
Heyting algebra and —, is the Heyting implication on [a) (see (2.1)). In particular, if A
is a semi-boolean algebra, then —, is the Boolean implication on the Boolean algebra [a).

Moreover, recall the Hilbert implication — on A defined by (2.2), see also Corollary 2.12.

Proposition 5.11. Let (A,V,1) be a finite distributive semilattice. Then, A is a semi-
boolean algebra if and only if Irr(A) = Atq(A).

Proof. Assume that A is a semi-boolean algebra. First, it is clear that Atq(A) C Irr(A).
Let z € Irr(A), and let a € A be such that x < a < 1. Since x is irreducible, it follows by
Proposition 2.7 that a — x = x. Then, (aV z) =, z = x. That is, a =, © = x. Since [z) is
a Boolean algebra, it follows that a = 1. Hence z € Atq(A).

Conversely, assume that Atq(A) = Irr(A). Let a € A. It is straightforward to show that
Atq4([a)) = Atq(A) N [a). Thus, by hypothesis, we have Atq([a)) = Irr(A) N [a). Moreover, it
is easy to show that Irr([a)) = Irr(A) N [a). Then, we have that Atq([a)) = Irr([a)). Hence,
since [a) is a finite distributive lattice and Atq([a)) = Irr([a)), it follows that [a) is a Boolean

algebra. Therefore, A is a semi-boolean algebra. O]

Theorem 5.12. Let A be a finite distributive semilattice and (X, ) its dual DS-structure.

Then, A is a semi-boolean algebra if and only if X is an antichain.

Proof. Assume that A is a semi-boolean algebra. By the previous proposition, we have
that Irr(A) = Atq(A). Then, since X is order-isomorphic to Irr(A), it follows that X is an
antichain. Conversely, assume that X is an antichain. Recall that (A4,V,1) = (A(X),U,0)
and A(X) = {U € Up(X) : y(U) = 1}. Since X is an antichain, we have that Up(X) =
P(X). Let U € A(X) and W € [U)acx). Consider W~ := U\ W. Thus, W= C U
and W~ € Up(X). Then, W~ € [U)sx). We have that W W~ =W UW~ = U and
WUW-=WnW- ={. Hence W~ is the complement of W in [U) 4(x). Thus, [U)acx) is
a Boolean algebra. Then A(X) is a semi-boolean algebra. Therefore, A is a semi-boolean

algebra. ]

From the previous theorem and by Theorem 4.12, we obtain that the category of finite
semi-boolean algebras and A-homomorphisms is dually equivalent to the category of finite

DS-structures (X, ) such that X is antichain and DS-morphisms. Moreover, notice that
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finite semi-boolean algebras correspond dually to structures (X, ~) where X is a finite set
and v: P(X) — {0, 1} is a map satisfying conditions (S1)—(S3) of Definition 3.1 (considering
the trivial order on X: z <y <= x =y). Also, notice that if (X,v) and (Y, 7) are finite
DS-structures such that X and Y are antichains, then a partial function f: X — Y is a
DS-morphism if and only if it satisfies (M3) of Definition 4.1. That is, in this context, the
conditions (M1) and (M2) are always valid.
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