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PERFECT HILBERT ALGEBRAS

Abstract In[S Celani and L. Cabrer. Duality for finite Hilbert alge-
bras. Discrete Math., 305(1-3):74-99, 2005.] the authors proved that every finite
Hilbert algebra A is isomorphic to the Hilbert algebra Hi(X) = {w =; v : w €
K and v C w}, where X is a finite poset, K is a distinguished collection of subsets
of X, and the implication =; is defined by: w =; v ={r € X : wnN[z) C v},
where [z) = {y € X : © < y}. The Hilbert implication on Hy(X) is the usual
Heyting implication =; (as just defined) given on the increasing subsets. In the
same article, Celani and Cabrer extended this representation to a full categorical
duality. The aim of the present article is to obtain an algebraic characterization
of the Hilbert algebras Hx (X)) for all structures (X, <, K) defined by Celani and
Cabrer but not necessarily finite. Then, we shall extend this representation to a

full dual equivalence generalizing the finite setting given by Celani and Cabrer.

1 Introduction and preliminaries

A Hilbert algebra is an algebra (A, —, 1) of type (2,0) satisfying the following conditions:
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(H1) 2 —» (y — z) =1,
H2) z = (y—=2) = (@ =y = (—=2)=1
(H3) ifx - y=1and y - x =1, then z = y.

It is well-known that the class of Hilbert algebras forms a variety (see Diego [11]) in
the sense of universal algebra. The variety of Hilbert algebras has deserved a lot of
attention in the setting of algebraic logic since it is the algebraic counterpart (in the
sense of Algebraic Logic, see [16]) of the implicative fragment of intuitionistic logic. In
particular, in [8], the authors presented a representation and a full categorical duality for
the class of finite Hilbert algebras by means of structures (X, <,K), where (X, <) is a
finite partially ordered set and K is a distinguished collection of subsets of X. We shall
call these structures H-sets.

Our first aim (Section 2) will be to characterize algebraically the Hilbert algebras that
are isomorphic to Hilbert algebras of the form A(X) = {w = v: w € K and v C w},
with w = v = {z € X : wnN (z] C v} and where (z] = {y € X : y < z}, for some
H-set (X, <,K) (but not necessarily finite). We shall call these Hilbert algebras perfect.
In [8] the authors used completely irreducible deductive systems to attain their aims.
They proved that in the finite case there is a dual order-isomorphism between completely
irreducible deductive systems and irreducible elements. In the present paper, we use the
concept of irreducible elements instead of completely irreducible deductive systems. Thus,
we work dually in the framework of decreasing subsets instead of increasing subsets as
was done in [8]. As we shall notice below (see on page 31), if (X, <, K) is an H-set, then
(X,>,K) is also an H-set, and the Hilbert algebra Hy(X) (as defined in the abstract, or
see on page 31) defined by the H-set (X, <, K) coincides with the Hilbert algebra A(X)
(see also on page 31) defined by the H-set (X, > K).

In Section 3, we present some examples of perfect Hilbert algebras. Section 4 is devoted
to develop a full dual categorical equivalence between the category of perfect Hilbert
algebras and certain algebraic morphisms and the category of H-sets and H-functional
morphism (see [8] or Definition 4.1).

Let us overview the representation given in [8] for finite Hilbert algebras. For this, we
need to introduce some concepts and results which will be needed throughout the article.
Thus, firstly, we will give all we need and then we overview the representation given in
8].

Let (X, <) be a poset. Let A C X. Let (Alx = {z € X : x < a for some a € A}.
For every x € X, we write (z]x instead of ({z}]x. We drop the subscript in (A]x when
confusion is unlikely, and we write (A] simply. A subset A C X is called decreasing if A =

!The adjective perfect is chosen by likeness with the framework of lattice. In [12], a distributive lattice
is called perfect if it is isomorphic to a set-theoretic lattice based on the collection of decreasing subsets
of some partial order.
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(A]. We denote by Py(X) the collection of all decreasing subsets of X. It is well-known
that (Py(X),N,U,=,0, X) is a complete Heyting algebra, where for all U,V € Py4(X),
U=V ={xe X :UnN(z] CV}. Thus, in particular, (Py(X),=-, X) is a Hilbert algebra.
Notice that for all A, B C X, not necessarily decreasing subsets, the implication

A=B={zreX:AnN(z] C B} (1)

is always a decreasing subset of X.

Dually, we have the concept of increasing subset and the Heyting algebra (P;(X), N, U,
=;,0,X) over the collection P;(X) of all increasing subsets of the poset X with the
implication

U=V={xeX:Unlz) CV} (2)

Notice that the set U =-; V is always an increasing subset for U and V' not necessarily
increasing.

Let (A,—,1) be a Hilbert algebra. A partial order can be defined on A as follows:
a <bif and only if a — b= 1. A subset F' C A is called implicative filter (also known as
deductive system) if 1 € F, and ifa,a — b € F, then b € F. Let us denote by ImFi(A) the
collection all implicative filters of A. It is well-known that ImFi(A) is an algebraic closure
system, where the implicative filter generated by a set X is characterized as follows:

(X)={acA:3Jxy,...;2, € X1 > (x2—=> (... (x, > a)...))) =1}

It follows that ({a}) = [a). A useful property of the implicative filters generated by a set
is the following. If F'is an implicative filter and x1,...,z, € A, then

(Fixq,...,xn) = (FU{xy,...,20}) ={a€Ad:xy = (22> (... (x, 5 a)...)) € F}

(see [11]).

A proper implicative filter F is called irreducible when for any Dy, Dy € ImFi(A) such
that Dy N Dy = F, it follows that Dy = F or Dy = F. We say that F' is completely
irreducible if for any family {D; : i € I} C ImFi(A) such that ' = N{D; : ¢ € I}, it
follows that F' = D; for some i € I. We denote by Clrr(A) the collection of all completely
irreducible implicative filter of A.

The proofs of the following three results can be found in [11, 3, 14].

Theorem 1.1. Let A be a Hilbert algebra and F € ImFi(A). Then the following are
equivalent:

1. F is irreducible.

2. If a,b & F, then there is ¢ ¢ F such that a,b < c.
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3. If a,b ¢ F, then there is ¢ ¢ F such that a — ¢,b — c € F.

Theorem 1.2. Let A be a Hilbert algebra and F € ImFi(A). Then the following are
equivalent:

1. F € Clrr(4).
2. There ezists a ¢ F such that if F & D € ImFi(A), then a € D.
3. There exists a ¢ F such thatb — a € F, for allb ¢ F.

Let F' € ImFi(A) and a € A. We say that F' is mazimal relative to a if F' is a maximal
element in the set {D € ImFi(A) : a ¢ D} (maximal with respect to the set inclusion).

Theorem 1.3. Let A be a Hilbert algebra. Then:

1. If F € ImFi(A) and a ¢ F, then there exists P € Clrr(A) maximal relative to a
such that FF C P.

2. If a,b € A are such that a £ b, then there exists P € Clrr(A) mazimal relative to b
such that a € P.

3. If F € ImFi(A) and a — b ¢ F, then there exists P € Clrr(A) mazximal relative to
b such that a € P and F' C P.

Let A be a Hilbert algebra. Following the notation of [8], we define the relation
K4 C CIrr(A) x A as follows:

(P,a) € K4 if and only if P is maximal relative to a.
Considering the poset (CIrr(A), C), it defines the map ¢: A — P;(Clrr(A)) as follows:
o(a) ={P € Clir(A) : a € P}.

Theorem 1.4 ([11]). The map ¢: A — P;(Clrr(A)) is a Hilbert embedding into
(P;(CIrr(A)), =, CIrr(A)).

Now we are ready to establish the representation for the finite Hilbert algebras given
in [8]. For the missing details, we refer the reader to [8]. We begin with the definition of
the dual structures of the finite Hilbert algebras.

Definition 1.5 ([8]). A triple (X, <, K) is called an H-set? if:

In [8], the H-sets are called H-spaces, but the term H-space was also used later in [9] to refer to
certain ordered topological spaces which were used to obtain a duality for the algebraic category of
Hilbert algebras. Thus, we prefer the term H-set instead of H-space because the definition in [8] and here
there is not a topology involved.
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(HS1) (X, <) is a poset.
(HS2) 0 # K C P(X) such that {z} € K, for all z € X.
(HS3) For all w € K, w is an antichain of X.

Given an H-set (X, < K), it defines the set
H(X) ={w=v:weK and v Cw},

where =, is defined as in (2). In [8], the authors proved that (H(X),=-;, X) is an Hilbert
algebra. Actually, they showed that (H(X),=>;, X) is a subalgebra of the Hilbert algebra
(Pi(X), =, X). One of the main results of [8] is that every finite Hilbert algebra (A, —, 1)
is isomorphic to a Hilbert algebra (H(X),=;, X) for some finite H-set (X, <,K). Let us
sketch this. Let A be a finite Hilbert algebra. Let £4 = {K;'(a) : a € A}. Then:

Theorem 1.6 ([8]). The structure (Clrr(A),C,L4) is a finite H-set, and the map
p: A — H(CIrr(A)) is an isomorphism.

2 Characterization

In this section, we present the algebraic conditions characterizing the dual Hilbert algebras
coming from the H-sets. As we mentioned above, we will work with irreducible elements
instead of completely irreducible implicative filters, thus we need to consider the algebra
of decreasing subsets Py(X) for posets instead of the algebra of increasing subsets. From
now on, given an H-set (X, <, ), we define the Hilbert algebra (A(X),=-, X) as follows:

AX)={w=v:weKand v Cw}

where w = v is defined as in (1). Notice that if (X, <, K) is an H-set, then (X, >, )
is also an H-set. Hence, the Hilbert algebra A(X) given by (X, <,K) coincide with the
Hilbert algebra H(X) given by (X, >, K).

We begin presenting the basic notion with what we shall work: irreducible element.

Definition 2.1. Let (A, —, 1) be a Hilbert algebra. An element p # 1 of A is called
irreducible if for each a € A, a < p or a — p = p. We denote by Irr(A) the set of all
irreducible elements of A.

Proposition 2.2 ([8]). Let A be a Hilbert algebra and p € A. Then, the following are
equivalent.

1. p is irreducible.

2. (p|¢ is an implicative filter.
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Actually, if p is an irreducible element, then (p]° is a completely irreducible implicative
filter of A. In the finite case, the completely irreducible implicative filters are exactly of
the form (p]¢, for p € A. Hence, considering the order in A restricted to Irr(A), it follows
that (Irr(A), <) is dual order-isomorphic with (Clrr(A4), C).

Let (A,—,1) be a Hilbert algebra. Let us consider the set Irr(A) ordered under the
partial order of A. For every a € A, let Ms(a) be the set of minimals elements of the
subset {p € Irr(A) : a < p} (ordered under the natural partial order given by A). That
is,

Ma(a) = Min{p € Irr(A) : a < p}.

Definition 2.3. A perfect Hilbert algebra is a Hilbert algebra (A, —, 1) satisfying the
following conditions:

(S) For all a,b € Ay p € Irr(A), if a — b < p, then there exists ¢ € Irr(A) such that
g<pafqandb<yq.

(D) Forevery a € A, a = A{p € Irr(A) : a < p}.

(M) For all @ € A and p € Irr(A), if a < p, then there exists ¢ € M4(a) such that ¢ < p.
(C) For each a € A and v C My(a), there exists A v in A.
)

(I) For each a € A and v C My(a), if p € Irr(A) and A v < p, then there is ¢ € v such
that ¢ < p.

Proposition 2.4. If (A, —, 1) is a Hilbert algebra satisfying conditions (D) and (M),
then a = A\ My(a), for every a € A.

Proof. Let a € A. It is clear that a is a lower bound of M(a). Let b be a lower
bound of M(a). Let p € Irr(A) be such that a < p. By (M), there is ¢ € M4(a) such
that ¢ < p. Thus b < g < p. That is, b < p for all p € Irr(A) such that a < p. Then, by
(D), b < A{p € Irr(A) : a < p} = a. Hence, a = A Ma(a). O

Example 2.5. We know that the implicative reduct of a Boolean algebra B is a
Hilbert algebra (actually, it is a Tarski algebra, see Definition 3.11) with the implication
given by a — b = —a V b. Moreover, an element b € B is irreducible (Def. 2.1) if and
only if b is a co-atom (equivalently meet-irreducible) of B, see [17]. Hence, any atomless
Boolean algebra is an example of a Hilbert algebra which is not perfect, because it does
not satisfy condition (D). Thus, the class of perfect Hilbert algebras is a proper subclass
of the variety of Hilbert algebras. Moreover, the class of perfect Hilbert algebras is not a
quasivariety, because it is not closed under subalgebra. See Example 3.20.

Now we proceed to prove that (A(X),=-, X) is a perfect Hilbert algebra for every H-set
(X, <,K). To attain this, we show that there is a nice characterization of the irreducible
elements of the Hilbert algebras A(X) for H-sets (X, <, K).
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Proposition 2.6. Let (X, <,K) be an H-set. Then Irr(A(X)) = {[z)°:x € X}.

Proof. Let z € X. Notice that [2)° = {z} = 0. Thus, by (HS2), we obtain that
[£)¢ € A(X). Now let us see that [x)¢ is an irreducible element of the Hilbert algebra
A(X). Let u € A(X). Suppose that v € [z)°. Then, there is y € u such that x < y. Since
u is a decreasing subset of X, we have that € u. We need to show that u = [x)¢ = [z)°.
Since A(X) is a Hilbert algebra, we know that [x)¢ C u = [z)°. Let now z € u = [z)¢, and
suppose that z ¢ [2)¢. Then uN (2] C [z)¢ and x < 2. Thus € u N (z]. Hence z € [x)°,
which is a contradiction. Hence u = [2)¢ C [z)¢. Then u = [2)¢ = [z)°. Therefore, we
have proved that {[z)¢: 2z € X} C Irr(A(X)).

Let u € Trr(A(X)). Thus u = w = v for some w € K and v C w. Since u # X, it
follows that v # w. Let x € w\ v. Thus x ¢ u. Given that u is decreasing subset, we
have that u C [z)°. Suppose that [z)° € u. Since u is an irreducible element of A(X),
it follows that [z)° = u = u. Then = ¢ [2)¢ = u. Thus [2)°N (2] € u. Let y < x such
that 2 £ y and y ¢ u. Soy ¢ w = v. Then wN (y] € v. Let z € w be such that
z <y and z ¢ v. We have that z,z € w and z < y < z, but this is a contradiction

because w is an antichain of X. Hence, we obtain that [z)¢ C w. Therefore u = [z)°.
Then Trr(A(X)) C {[x)°: z € X}. O

Proposition 2.7. Let (X, <,K) be an H-set. Let u =w = v € A(X) with w € K
and v Cw. Then

Max)y(u) = {[z)°: v € w\ u}.

Proof. Let y € X. Assume first that [y)° € Ma(x)(u). Since u C [y)¢, we have that
y ¢ u. Thus y ¢ w = v, that is, wN (y] € v. Let z € w such that z < y and z ¢ v. Then
[2)¢ C [y)°. Since z € w \ v, it follows that z ¢ u. Thus u C [2)°. We thus have that
u C [2)¢ and [2)° C [y)°. The minimality of [y)¢ implies that [2)¢ = [y)°. Then y = z € w.
Hence y € w \ u. Therefore, Ma(x)(u) C {[z)°: 2 € w\ u}.

Let now y € w \ u. We need to show that [y)¢ is a minimal element of the set
{[z)¢: v C [2)°}. Since y ¢ u and u is a decreasing subset of X, we have that u C [y)°.
Let z € X be such that u C [2)¢ and [2)° C [y)°. We need to prove that [z)¢ = [y)°.
Given that [2)¢ C [y)¢, we have z < y. Since u C [2)°, it follows that z ¢ u = w = v.
Thus w N (z] € v. Let 2/ € w be such that 2’ < z and 2/ ¢ v. Thus 2/ < z < y and
2’y € w. By (HS3), it follows that 2’ = z = y. Then [2)¢ = [y)°. Hence [y)® € Mj(x)(u).
Therefore, {[z)¢: 2z € w\ u} C Mux)(u). O
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Proposition 2.8. Let (X, <, K) be an H-set. Then (A(X),=, X) is a perfect Hilbert
algebra.

Proof. We already know that (A(X),=-, X) is a Hilbert algebra.

Recall that Irr(A(X)) = {[z)°: z € X}.

(S) Let up,us € A(X) and x € X. Assume that u; = uy C [z)¢. Thus = ¢ u; = us.
That is, us N (2] € us. Let y € uy such that y < 2 and y ¢ uy. Then it follows,
respectively, that uy € [y), [y)¢ C [2)¢, and us C [y)°. Hence, condition (S) holds.

(D) Let u € A(X). Since u is a decreasing subset of X, it follows straightforwardly
that u = ({[z)¢ : u C [x)°}.

(M) Let u € A(X) and z € X be such that v C [z)¢. Let w € K and v C w be such
that u = w = v. Since x ¢ u = w = v, there is y € w such that y < z and y ¢ v. Thus
y € w \ v. This implies that y ¢ u. Then y € w \ u. By Proposition 2.7, we have that
[y)¢ € Ma(x)(u). Since y < x, it follows that [y)¢ C [x)°.

(C) It is enough to show that, for every w € K and v C w, [{[z)°: = € v} € A(X).
Let w € K and v C w. Let us prove that ({[z)°: x € v} = w = (w\ v).

Let y € N{[z)° : * € v}. Thus z £ y, for all z € v. We need to prove that
wN (y] Cw\ v. Suppose that wN (y] € w\ v. Thus, there is z € w such that z <y and
z ¢ w\v. Then z € v. Thus z £ y, which is a contradiction. Then wN (y] € w\ v, which
implies that y € w = (w \ v).

Let y € w = (w\v). Thus wN (y] € w\ v. Suppose that y ¢ ({[x)°: = € v}. Then,
there is z € v such that © < y. Thus € w and x € (y]. Hence x € w\ v. Thus = ¢ v,

which is a contradiction. Then y € ({[z)¢: x € v}. Hence w = (w\v) C ({[z)¢ : z € v}.
(I) It is enough to show that for all {z; : ¢ € I} U{z} C X, if (,.,[z;)° C [7), then
there is ip € I such that [z;,)¢ C [z)°. This follows straightforwardly. O

Proposition 2.9. Let (A, —,1) be a Hilbert algebra satisfying conditions (D) and (S).
Then, the map a: A — Py(Irr(A)) defined by

a(a) = {p € T(A) 0 £ p}
is an embedding from (A —, 1) to the Hilbert algebra (Py(Irr(A)), =, Irr(A)).

Proof. Tt is clear that for every a € A, a(a) € Py(Irr(A)) and «(1) = Irr(A). From
condition (D) it follows that « is a one-to-one map. Let a,b € A. We now show that
ala = b) = a(a) = a(b). Let p € a(a — b). Thus a — b £ p. We need to prove that
afa) N (pluray € a(b). Let ¢ € a(a) N (Plurcay- This is, @ £ ¢ and ¢ < p. Then a € (g
a— b+ q. Thus a — b € (q]%. Since (g]4 is a deductive system, it follows that b € (¢]4.
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Then ¢ € «(b). Hence p € a(a) = «a(b). Therefore, a(a — b) C «a(a) = «(b). Let
p € afa) = (b). Thus a(p) N (plura)y € a(b). Suppose that @ — b < p. By condition
(S), there is ¢ € Irr(A) such that ¢ < p, a £ ¢ and b < q. Thus ¢ € a(a) N (P)ie(a) and
q ¢ a(b), which is a contradiction. Then ¢ € a(a — b). Hence a(a) = a(b) C a(a — b).
U

Let us show how to obtain an H-set from an arbitrary Hilbert algebra. Let A be a
Hilbert algebra. Let K4 = {Ma(a) : a € A}, where M4(a) = Min({p € Irr(4) : a < p}),
for every a € A.

Proposition 2.10. Let A be a Hilbert algebra. Then, the triple (Irr(A), <, KC4) is an
H-set.

Proof. Recall that (Irr(A), <) is the subposet of (A, <), where < is the natural order
on A. Notice that M4(1) € K4, thus K4 # 0. Let p € Irr(A). It is straightforward to see
that M4(p) = {p}. Then, (HS2) holds. And it is straightforward that M 4(a) is antichain
of Irr(A), for every a € A. Hence (HS3) holds. O

From Proposition 2.8 and the following theorem, we obtain the algebraic representation
promised.

Theorem 2.11. Let (A, —, 1) be a perfect Hilbert algebra. Then
(A,=,1) = (A(Iix(4)), =, Trr(4)),
where A(Irr(A)) is the dual Hilbert algebra of the H-set (Irr(A), <, KC4).

Proof. By Proposition 2.9 we know that (A, —,1) = (a(A),=,Irr(A)). We show
that A(Trr(A)) = a(A).

Let a € A. We show that a(a) = Ma(a) = 0. Let p € a(a). Thus a £ p. We need
to prove that M4 (a) N (pluray = @. Suppose that there is ¢ € Ma(a) N (Pur(ay. Thus
a < qand ¢ < p. Then a < p, which is a contradiction. Hence a(a) C My(a) = 0. Let
now p € Ma(a) = 0. Thus Ma(a) N (plue(a)y = 0. Suppose that a < p. By (M), there is
q € Ma(a) such that ¢ < p. Thus ¢ € M4 (a) N (plur(a), which is a contradiction. Then
p € a(a). Hence Ma(a) = 0 C a(a). That is, a(a) = Ma(a) = 0 € A(Trr(A)).

Let now u € A(Irr(A)). Thus thereisa € A and v € My(a) such that u = My(a) = v.
By (C), Awv there exists in A. Let us prove that My(a) = v = a(Av—a). Let
p € My(a) = v. Thus Ma(a) N (plira) € v. Suppose that Av — a < p. By (S), there is
q € Irr(A) such that ¢ < p, Av £ ¢ and a < ¢. Since A v £ ¢, it follows that r £ ¢, for
all 7 € v. On the other hand, since a < g, it follows by (M) that there is ¢ € M 4(a) such
that ¢’ < ¢. Then ¢’ < p. Thus ¢’ € Ma(a) N (plir(a). Then ¢ € v. It follows that ¢ £ g,
which is a contradiction. Hence p € a(\ v — a). Therefore, Ma(a) = v C a(Av — a).
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Let now p € a(Av —a). Thus Av — a %« p. We need to show that p € My(a) = v.
Let ¢ € Ma(a) N (plur(ay- Thus a < g and ¢ < p. Given that A\ v — a £ ¢, we have that
A\v — a € (q]%. Since (q]4 is a deductive system and a ¢ (g|%, it follows that A v ¢ (¢]|%.
Thus Av < ¢q. By (I), there is ¢ € v such that ¢ < ¢g. Since ¢,¢" € Ma(a) (because
v C Ma(a)), we obtain that ¢ = ¢’ € v. Thus, we have proved that Ma(a) N (p|ura) C v.
Then, p € M4(a) = v. Hence a (A v — a) C Ma(a) = v. This completes the proof. O

We summarize the previous results in the following corollary.

Corollary 2.12. The class of perfect Hilbert algebras coincides with the class of Hilbert
algebras A(X) for H-sets (X, <, K).

3 Perfect Hilbert algebras are not so strange

In this section, we shall see that the class of perfect Hilbert algebras is not as strange as it
is looks. Indeed, we shall show that the class of perfect Hilbert algebras contains certain
well-known classes of Hilbert algebras.

3.1 Every finite Hilbert algebra is a perfect Hilbert algebra

We need the representation given in [8] and some further results. Let (X, <, KC) be an H-
set. Notice that we have two Hilbert algebras associated with (X, <, K): (H(X), =, X)
(see on page 31) as a subalgebra of P;(X), and (A(X),=,X) (see on page 31) as a
subalgebra of Py(X).

Proposition 3.1. Let (X, <,K) be an H-set. Let wy,ws € K. Then:
(1) If wy = 0 = wy =; 0, then wy = wo.
(2) If wy = 0 = wy = 0, then wy = w,.

Proof. They are straightforward. 0
Let (A, —, 1) be a finite Hilbert algebra. We already know that

(A, —, 1) = (H(CIrr(A), =, Clrr(A))

and (A(Irr(A)),=-,Irr(A)) is a perfect Hilbert algebra. In order to show that A is a perfect
Hilbert algebra, let us to prove that H(CIrr(A)) = A(Irr(A)). The following result is the
key.

Proposition 3.2 ([8]). Let A be a finite Hilbert algebra. Then, Clrr(A) = {(p]°:p €
Irr(A)}.
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Notice that for every completely irreducible implicative filter (p|° of a finite Hilbert
algebra A and a € A, it follows that

p|¢ € K;'(a) if and only if (p]® is maximal relative to a if and only if p € M4(a).
A

Moreover, notice that the mapping K;*(a) — My(a) is one-to-one correspondence from
/:, A to IC A-

Proposition 3.3 ([8]). Let A be a finite Hilbert algebra. Then H(CIrr(A)) = {K ;' (a) =
0:a€A}.

Proposition 3.4. Let A be a finite Hilbert algebra. Then A(Trr(A)) = {Ma(a) = 0 :
a€c A},

Proof. By definition, it is clear that M4(a) = 0 € A(Irr(A)), for all a € A. Let now
u € A(Irr(A)). Then, there is a € A such that u = My(a) = v for some v C My(a).
Assume that v # 0. Say v = {p1,...,px}. Let b=p; — (p2 = (... (pxr = a)...)). Let
us prove that Ma(a) = v = Ma(b) = 0. Let p € Ma(a) = v. Thus Ma(a) N (p] C .
Suppose that p ¢ Ma(b) = (. Thus, let ¢ € M4(b) such that ¢ < p. Then b ¢ (g|°.
Since (g|° is an implicative filter, it follows that a ¢ ((q]° p1,...,pr). There exists a
completely irreducible implicative filter (s]¢ such that (s]¢ is maximal relative to a and
((q)%p1,--.,pk) € (s]. Hence, s € My(a) and s < ¢ < p. Then s € v. It follows
that there is ¢ such that s = p; € (s]¢, which is a contradiction. Thus p € M4(b) = 0.
Hence My(a) = v € Myu(b) = 0. On the other hand, let now p € My (b) = (). Thus
M4 (b) N (p] = 0. Since A is finite, we have that b € p. Let ¢ € Ma(a) N (p]. Then, a ¢ (¢|°
and b € (g]°. Thus, there is p; € v such that p; ¢ (¢]°. That is, p; < ¢. Since p;,q € v, it
follows that ¢ = p; € v. Hence M4(a) N (p] C v. Therefore, Ma(b) = 0 C Ma(a) = v. O

We need a further result before the main theorem of this subsection.
Proposition 3.5. Let A be a finite Hilbert algebra. Let a,b € A. Then:
(1) Kj'(a—b)=; 0= (K " (a) = 0) =; (K;'(b) =; 0).
(2) My(a—=b)=0=Ma(a)=0) = (Ma(d) = 0).

Proof. (1) It follows from [§].

(2) (©) Let p € Ma(a — b) = 0. Thus Ma(a — b)N(p] = 0. It follows that a — b £ p,
and thus a — b € (p|°. Let ¢ € (Ma(a) = 0) N (p]. Thus My(a) N (¢] = 0 and ¢ < p.
Then, a £ ¢ and (p]® C (¢]°. We need to show that ¢ € M4(b) = 0. Suppose that it is
not satisfied. Then there is s € M4(b) N (¢]. Thus b < s and s < ¢q. Then b ¢ (s|¢ and
(q]° C (s]°. Hence b ¢ (g]°. On the other hand, notice that a,a — b € (¢|°. Then b € (¢|°,
which is a contradiction. Hence ¢ € M4(b) = 0. Therefore, M4(a — b) = 0 C (M4(a) =
0) = (Ma(b) = 0).
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(2) Let p € (Ma(a) = 0) = (Ma(b) = 0). Thus (Ma(a) = 0) N (p] C M4(b) = 0.
We need to show that M4(a — b) N (p] = 0. Suppose that there is ¢ € M4(a — b) N (p].
Thus a — b ¢ (¢]° and ¢ < p. Since (¢|¢ is an implicative filter, there is a (s]® € Clrr(A)
such that (s]° is maximal relative to b, a € (s|® and (¢]° C (s]°. Thus s € M(b). Then
s ¢ M4(b) = 0. Let us show that s € Ma(a) = (). Suppose that there is t € M4(a) N (s].
Thus a ¢ (¢]°and (s]¢ C (¢]°. Then a ¢ (s], which is a contradiction. Hence s € (M(a) =
0) N (p]. Thus s € Ma(b) = (), which is a contradiction. Then M(a — b) N (p] = 0, and
thus p € M4(a — b) = ). Therefore, (Ma(a) = 0) = (Ma(b) = 0) C My(a — b) = 0.
0

Now we are ready to prove the main result of this subsection.

Theorem 3.6. Every finite Hilbert algebra is a perfect Hilbert algebra.

Proof. Let A be a finite Hilbert algebra. Let W: H(CIrr(A)) — A(Irr(A)) be defined
as follows: W(K ;'(a) =; 0) = Ma(a) = 0. By Propositions 3.1, 3.3, and 3.4, it follows
that W is a well-defined one-to-one correspondence. Now we check that ¥ is a Hilbert

homomorphism. Let a,b € A. By Proposition 3.5, we have

U ((Ki'(a) =i 0) = (K'(b) = 0)) =¥ (K" (a = b) = 0)

=Mua(a = b) = 0= (Ma(a) = 0) = (Ma(b) = 0)
=V (Ky'(a) = 0) = U (K;'(b) = 0).
Hence V¥ is an isomorphism from H(CIrr(A)) onto A(Irr(A)). Thus, A = H(ClIrr(A4)) =
A(Trr(A)). Therefore, A is a perfect Hilbert algebra. O

3.2 Hilbert algebras given by the order are perfect Hilbert algebras

Definition 3.7. A Hilbert algebra A is said to be given by the order if for every

a,be A,
1 ifa<b
a—b=
b ifadb.

The class of Hilbert algebras given by the order was studied by several authors, see
for instance [15, 10, 4, 5.

Proposition 3.8 ([8]). Let A be a Hilbert algebra. Then the following are equivalent.

(1) A is a Hilbert algebra given by the order.

(2) Pi(A)\ {0} = ImFi(A).
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3) If pe A\ {1}, then (p]° € CIrr(A).

(3)
(4) If p e A\ {1}, then p € Irr(A).

(5) For every p € A\ {1}, K;*(p) = {P}.
(6)

6) For every p € A\ {1}, Ma(p) = {p}.
Theorem 3.9. Fvery Hilbert algebra given by the order is a perfect Hilbert algebra.

Proof. Let A be a Hilbert algebra given by the order. Thus, we have that for every
p € A\ {1}, Ma(p) = {p}. Then, it is straightforward to verify that A satisfies conditions
(S), (D), (M), (C) and (I). Therefore, the class of perfect Hilbert algebras contains the
class of all Hilbert algebras given by the order. U

Corollary 3.10. Let A be a Hilbert algebra and (X, <,K) its dual H-set. Then, A is
given by the order if and only if K = {{z} :z € X}.

3.3 Every atomic and complete Tarski algebra is a perfect Hilbert algebra

Definition 3.11. A Tarski algebra (also known as implication algebras) is a Hilbert
algebra (A, —, 1) satisfying the identity (e — 0) — b= (b — a) — a.

It is well-known that the class of Tarski algebras is the algebraic semantics of the
implicative fragment of the classical logic. Moreover, A with its associated order is a
join-semilattice, where a V b := (¢ — b) — b is the supremum of all a and b in A. For
more details on Tarski algebras we refer the reader to [1, 16].

Definition 3.12. Let A be a Tarski algebra. An element a € A\ {1} is called dual
atom if for any = € A, a < x implies that a =z or x = 1.

Proposition 3.13 ([7]). Let A be a Tarski algebra and a € A. Then, a is a dual atom
if and only if a is irreducible.

Definition 3.14 ([7]). A Tarski algebra A is said to be complete if for every non-
empty subset D C A there exists the supremum \/ D. A complete Tarski algebra A is
said to be atomic if for every element a # 1, there exists a subset G C Irr(A) such that

a=A\G.

Definition 3.15. An implicative filter P of a complete Tarski algebra A is called
completely prime if for every non-empty D C A, if \/ D € P, then DN P # ).

Proposition 3.16 ([7]). Let A be a complete and atomic Tarski algebra. Then, an
implicative filter P is completely prime if and only if there exists p € Irr(A) such that

P = (p]°.
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Proposition 3.17 ([7]). Let A be a complete and atomic Tarski algebra and P an
implicative filter of A. Then, P is completely prime if and only if P is maximal and
closed under existing infimum.

Theorem 3.18. If A is a complete and atomic Tarski algebra, then A is a perfect
Hilbert algebra.

Proof. Let A be a complete and atomic Tarski algebra.

(S) Let a,b € A and p € Irr(A). Suppose that a — b < p. Thus a — b ¢ (p|°. By
Propositions 3.16 and 3.17, we have that (p]¢ is a maximal implicative filter. Then, by
Theorem 1.3 (3), it follows that a € (p]® and b ¢ (p]°. Thus, p € Irr(A) such that a £ p
and b < p.

(D) It follows by the atomic condition.

(M) Since for every p € Irr(A), (p|° is maximal, it follows that M4(a) = {p € Irr(A) :
a < p}, for all a € A. Then, condition (M) is straightforward.

(C) Since there exists the supremum of all non-empty subsets of A, it follows that
there exists the infimum of any subset of A bounded below. Hence, (C) holds.

(I) Let @ € A and v € Mu(a). Let p € Irr(A) and assume that Av < p. Thus

A ¢ (p]°. By Proposition 3.17, there is ¢ € v such that ¢ ¢ (p]°. Hence ¢ < p.
Therefore, A is a perfect Hilbert algebra. OJ

Proposition 3.19. Let A be a perfect Hilbert algebra and (X, < K) its dual H-set.

Then, A is a complete and atomic Tarski algebra if and only if < is the equality, that is,
a<b < a=0b.

Proof. Let A be a complete and atomic Tarski algebra. Since Irr(A) is exactly the
set of all dual atoms of A, it follows that the order < of A restricted to A is the equality.
Now suppose that the H-set (X, <, K) is such that < is the equality. It follows, for every
u,v C X, that u = v = u*Uw. Then, A = A(X) = {w'Uv:w e Kandv C w} is a
complete and atomic Tarski algebra, see [7, Thm. 15]. O

Example 3.20. As we mentioned before, the class of perfect Hilbert algebras is not a
quasivariety because it is not closed under subalgebra. For instance, the power set of real
numbers P(R) is a complete atomic Boolean algebra, and thus it is in particular a complete
and atomic Tarski algebra with the Boolean implication. Hence P(R) is a perfect Hilbert
algebra. Now the interval algebra of R (see for instance [13, pp. 118]) is an atomless
Boolean subalgebra of P(R). Since co-atoms and irreducible elements are equivalent (see
Example 2.5), the interval algebra is a subalgebra of the perfect Hilbert algebra P(R) but
without irreducible elements. Hence, interval algebra is a Hilbert algebra but not perfect.
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4 Morphisms and dual equivalence

In this section, we extend the representation of perfect Hilbert algebras through H-sets to
a full categorical dual equivalence. Thus, we need to establish who will be the morphisms
between H-sets and between perfect Hilbert algebras. For H-sets, we shall consider the
morphisms used in [8] to establish their duality in the finite case. The next definition
is not exactly as in [8], in fact, it is dual, and this is due that we are using irreducible
elements instead of completely irreducible implicative filters as in [8].

Definition 4.1 ([8]). Let (X, <y, K4) and (X, <5, Ks) be two H-sets. A relation
R C X, x Xs is called H-functional if the following conditions are satisfied:

(HF1) If (z,y) € R, then there is 2’ € X; such that 2/ < x and R(z) = (y].
(HF2) If z < 2/, then R(z) C R(z'). If y < ¢/, then R~(y/) € R~ (y).
(HF3) For all u € H(X3), hr(u) :={x € X;: R(z) Cu} € H(X;).

By [8], we have that the class of H-sets with H-functional relations is a category, where
the composition o is the usual composition of relations and the dual order > in each H-
set (X, <,K) plays the role of the identity morphism. We denote by HS the category of
H-sets and H-functional relations. To be clear and avoid misunderstood, we consider the
composition of relations as follows: for relations R C X xY and S CY x Z, (x,z) € RoS
if and only if there exists y € Y such that (z,y) € R and (y,z) € S.

We now introduce the morphisms between perfect Hilbert algebras which will be dual
to the H-functional relations.

Definition 4.2. Let A and B be perfect Hilbert algebras. A homomorphism h: A —
B is called perfect if the following conditions holds:

(WH1) For all a € A and ¢q € Irr(B), if h(a) < g, then there is p € Irr(A) such that a < p
and h(p) < q.

(WH2) For all (p,q) € Irr(A) x Irr(B), if h(p) < g, then there is ¢’ € Irr(B) such that
¢ <qand h™[(¢]] = (p]

Example 4.3. Let A and B be finite Hilbert algebras. Then, every homomorphism
h: A — B is perfect. In fact:

(WH1) Suppose that h(a) < q. Then a ¢ h™'[(q]°]. Since B is finite and ¢ € Irr(B),
it follows that (g]¢ is an implicative filter of B. Then, h™1[(¢]°] is an implicative filter of
A. Hence, there is a completely irreducible implicative filter P of A such that a ¢ P and
h=Y(q]] € P. Since A is finite, it follows that there is p € Irr(A) such that P = (p]°.
Therefore, a < p and h(p) < g.
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(WH2) Suppose that h(p) < ¢. Thus h~[(¢q]] C (p]°. Since (p]® and (¢]° are completely
irreducible implicative filters of A and B, respectively, it follows by [6, Thm. 3.3] that
there is an irreducible implicative filter ' of B such that (¢]° C Q" and h™[Q'] = (p]°.
Since B is finite, Q" = (¢']°. Hence ¢’ < ¢ and h™![(¢']] = (p].

Example 4.4. Every homomorphism between Hilbert algebras given by the order is
perfect. Indeed, let A and B be Hilbert algebras given by the order and h: A — B be a
homomorphism. Recall that Irr(A) = A\ {1} and Irr(B) = B\ {1}. Condition (WH1)
is straightforward taking p := a. Let us prove (WH2). Let (p,q) € Irr(A) x Irr(B) be
such that h(p) < ¢q. Let ¢’ := h(p) € Irr(A). Clearly ¢’ < gq. It is straightforward that
(p] € W (¢']]. Let now a € h='[(¢]]. Thus h(a) < ¢ = h(p). Then h(a) — h(p) = 1.
If a £ p, then a — p = p. It follows that 1 = h(a) — h(p) = h(p) < ¢, which is a
contradiction. Hence a € (p]. Therefore, h='[(¢']] = (p].

Example 4.5. A Hilbert homomorphism h: A — B between perfect Hilbert algebras
is not necessarily perfect. Let X be an infinity set and 2 = {0, 1} the two-elements chain.
We consider the atomic and complete Boolean algebras P(X) and 2. Hence, they are
perfect Hilbert algebras. Recall that the irreducible elements of P(X) are exactly its
co-atoms. Then Irr(P(X)) = {X \ {z} : z € X} and Irr(2) = {0}. Since X is infinity,
there exists an ultrafilter U of P(X) such that Irr(P(X)) C U. Let h: P(X) — 2 be
given by h(A) = 1 if and only if A € U. It is clear that h is a Boolean homomorphism,
and thus h is a Hilbert homomorphism. But A is not perfect, because it does not satisfy
(WH1). Indeed, let A ¢ U. Thus h(A) = 0. However there is not irreducible element
p =X\ {z} of P(X) such that h(p) <0, because Irr(P(X)) C U.

Proposition 4.6. Let h: A — B and g: B — C' be perfect homomorphisms between
perfect Hilbert algebras. Then, go h: A — C' is a perfect homomorphism.

Proof. (WH1) Let a € A and s € Irr(C') be such that (g o h)(a) < s. By (WHI) for
g, there is ¢ € Irr(B) such that h(a) < ¢ and g(q) < s. Now by (WHI) for h, there is
p € Irr(A) such that a < p and h(p) < ¢. Hence, there is p € Irr(A) such that a < p and

(goh)(p) < 5.

(WH2) Let p € Irr(A) and s € Irr(C), and assume that (g o h)(p) < s. Then, by
(WH1) for g, there is ¢ € Irr(B) such that h(p) < g and ¢(q) < s. Now by (WH2) for h,
there is ¢ € Irr(B) such that ¢ < g and h™' [(¢]] = (p]. Thus g(¢') < s. By (HW2) for g,
there is s’ € Irr(C) such that s’ < s and ¢g7![(s']] = (¢]. Hence, s’ € Irr(C), s’ < s, and
(go )~ (s']] = (p]- m

It is easy to verify that the identity function is always a perfect homomorphism for

every Hilbert algebra. Hence, the class of perfect Hilbert algebras and perfect homomor-
phisms is a category. We denote this category by PHA.
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The next results are needed to define the corresponding functors between the categories
PHA and HS.
Recall that, for every relation R C X; x X3, we define the map hgr: P(X3) — P(X1)

as follows:
hr(u) ={r € Xi: R(z) C u}

for every u € P(X3).

Proposition 4.7. Let (X1, <1,K1) and (Xy, <o,/K3) be H-sets and let R C X7 x X,
be an H-functional relation. Then hp: A(X3) — A(X7) is a perfect homomorphism.

Proof. By [8, Thm. 26|, it follows that hp is a homomorphism.

(WH1) Let u € A(X53) and € X;. Assume that hg(u) C [z)°. Thus x ¢ hr(u). That
is, R(xz) € u. Let y € R(x) such that y ¢ u. Then, since u is a decreasing subset, we have
that u C [y|°. Let us show that hg ([y)¢) C [x)°. Let 2’ € hg ([y)¢). Thus R(z’) C [y)°.
Suppose, by contradiction, that 2’ € [z)°. Thus z < 2/. By (HF2), it follows that
y € R(x) C R(z') C [y)¢, which is a contradiction. Hence x’ € [x)¢. Therefore, there is
[y)¢ € Trr(A(X5)) such that u C [y)¢ and hg([y)°) C [z)°.

(WH2) Let x € X; and y € X, be such that hg([y)°) C [z)°. Thus z ¢ hg([y)).
That is, R(z) € [y)°. There is ¢ € R(z) such that y < y/. By (HF2), it follows that
r € RY(y') C R (y). Since (z,y) € R, it follows by (HF1) that there is 2/ € X; such
that 2’ < 2z and R(2’) = (y]. Now let us prove that for every u € A(X3),

hr(u) € [2') <= u C[y)"

(=) Assume that hg(u) C [2/)°. Suppose u € [y)°. Then, there is z € u such that
y < z. Thus y € u. Then R(z') = (y] C u. It follows that 2’ € hg(u) C [2)°, which is a
contradiction. Hence u C [y)°.
(<) Assume that u C [y)°. Suppose that hg(u) € [2/). Let 2” € hg(u) such that " ¢
[#/)¢. Thus R(z") Cu C [y)¢ and 2" < 2”. It follows by (FH2) that (y] = R(z") C R(x").
Then y € R(z”), which is a contradiction. Therefore, hg(u) C [z')°.

Hence, we have proved that there exists [2/)¢ € Irr(A(Xy)) such that [z/)¢ C [z)¢ and

hy' (1)) = (v)°]. O

Let A and B be Hilbert algebras. For every map h: A — B, we define the relation
R, C Irr(B) x Irr(A) as follows:

(¢,p) € R <= h(p) <q.
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Proposition 4.8. Let A and B be perfect Hilbert algebras. If h: A — B is a perfect
homomorphism, then Ry : Irr(B) x Irr(A) is an H-functional relation.

Proof. (HF1) follows by condition (WH2).

(HF2) is straightforward by definition of R},.

(HF3) We need to prove that hg, (u) € A(Irr(B)), for all u € A(Irr(A)). First, recall
that A(Irr(A)) = {aa(a) : a € A} and aa(a) = {p € Irr(A) : a £ p} (analogously for B).
Thus, let us prove that for every a € A,

hr,(aa(a)) = ap(h(a)).

Let a € A. Suppose that hg, (a(a)) € ap(h(a)). Thus, there is ¢ € hg, (aa(a)) such
that ¢ ¢ ap(h(a)). Then, Ry(q) C aa(a) and h(a) < ¢q. By (WH1), there is p € Irr(A)
such that a < p and h(p) < ¢. It follows that p € Ry(q) and p ¢ aa(a), which is a
contradiction. Hence hg, (aa(a)) C ap(h(a)). Now let ¢ € ag(h(a)). Thus h(a) £ q.
We need to show that Rj(q) C aa(a). Suppose it is not. Thus, there is p € Rp(q) such
that p ¢ aa(a). Then, h(p) < q and a < p. It follows that h(a) < h(p) < ¢, which is a
contradiction. Hence ap(h(a)) C hg, (aa(a)). O

From we have proved in the previous proposition, we obtain the following.

Corollary 4.9. Let h: A — B be a perfect homomorphism between perfect Hilbert
algebras. Then, hg, o s = apoh.

Proposition 4.10. Let A, B and C perfect Hilbert algebras and X1, X5 and X;
H-sets.

1) Ifid: A — A is de identity map, then Rig= >.

)
2) If <4 is the order relation of the H-set X1, then hs, is the identity map of A(X1).
3) If h: A— B and g: B — C are perfect homomorphism, then Ryon, = Ry 0 Ry,

)

(
(
(
(

4) If RC X1 x Xg and T C X5 x X3 are H-functional relations, then hror = hg o hr.

Proof. Conditions (1) and (2) are straightforward.

(3) The inclusion Rgp € Ry o R, follows by the definitions of R, and R,, and by
condition (WH1). On the other hand, the inclusion R, o R, C Ry, follows just by the
definitions of R and R,.

(4) Tt is straightforward taking into account that

hror(uz) ={z1 € X1 : (RoT)(z1) C us}
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and
(hR o hT)(Ug) = {1'1 € X R(l’l) - hT(Ug)}
U

Now we can define the corresponding functors. Let A: HS — PHA be defined as
follows:

e For every X € HS, let A(X) = (A(X),=, X);
e For every R € HS(X7, X5), let A(R) = hg

Let X: PHA — HS be defined as follows:
e For every A € PHA, let X(A) = (Irr(A), <, Ka);
e For every h € PHA(A, B), let X(h) = Ry,.

By the results of Section 2 and by the results this section, we have the following.
Corollary 4.11. A: HS — PHA and X: PHA — HS are contravariant functors.
To attain the main goal of this section, we need three further auxiliary results.

Proposition 4.12 ([8, Example 25]). Let (X1, <{,Ky) and (Xo, <o,Ks) be H-sets.
Let f: X1 — X5 be an order-isomorphism such that

(1) for every wy € Ky, there is wy € Ky such that f~'ws] C wy;
(2) for every wy € K1, there is wy € Ky such that flwq] C ws.
Then, the relations f* C X1 x Xy and (f~1)" C Xy x X, defined by:
(z1,13) € f* <= 2o < f(11), and (22, 11) € (f71)" = 1 < fH(22)
are H-functional relations. Moreover, f*o (f~1) = >y and (f~1)" o f*= >,.

Let (X, <,K) be an H-set. By Proposition 2.6, we have that Irr(A(X)) = {[z)¢ : z €
X}. Thus, we consider the map e: X — Irr(A(X)) defined as follows:

Proposition 4.13. Let (X, <,K) be an H-set. Then, the map e¢: X — Irr(A(X)) is
an order-isomorphism satisfying conditions (1) and (2) of Proposition 4.12. Therefore,
¢ C X x Irr(A(X)) is an isomorphism of the category HS between the H-sets (X, <,K)
and (Irr(A(X)), C, Kax))-
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Proof. It is clear that € is an order-isomorphism. In order to prove conditions (1) and
(2) of Proposition 4.12, recall that Kx(x)y = {Max)(u) : v € A(X)}, and by Proposition
2.7 Maxy(u) = {[x)° € Ir(A(X)) : « € w\ u}, where u = w = v with w € K and v C w.

(1) For every u = w = v € A(X), with w € K and v C w, it follows that
e ! [Macx)(u)] Cw.

(2) Let w € K. Thus w = ) € A(X). It is straightforward to show that e[w] C
Max)(w = 0).

Hence, the map e satisfies conditions (1) and (2) of Proposition 4.12. Therefore, €¢* is
an isomorphism of the category HS, where its inverse is given by (e7!)". U

Proposition 4.14. Let (X, <q,Ky) and let (X5, <9,Ks) be H-sets and R C X7 X Xo
an H-functional relation. Then €] o Ry, = Ro €.

Proof. Let ;1 € X; and x5 € X5. On the one hand, we have

(z1,[29)°) € € 0 Ry, <= T} € X; such that (z1,[2])°) € € and ([2)), [22)°) € R,
<= Jr| € X; such that [#])° C e1(z1) = [21)¢ and h, ([x2)°) C [2))°

< Ja| € X; such that 2] < z; and hg ([22)°) C [2})°
On the other hand, we have

(71, [12)°) € Ro€ey <= 3, € X, such that (z1,2,) € R and (2}, [12)°) € €
<= 3rj € X, such that (21,25) € R and [z2)° C ey(x5) = [x5)°

<= 3z, € X, such that (z1,7)) € R and x5 < ).

If (21, [x2)¢) € € 0 Ry, then there is 2] € X; such that ] < x; and hg ([z2)¢) C [2])°.
Then R(x1) € [z2)¢. Thus, there is 2%, € X, such that (z1,25) € R and x5 < z}. Hence
(21, [22)) € Roé.

Now suppose that (zy, [x2)¢) € Roey. Thus, there is a}, € X, such that (z1,25) € R and
zy < . By (HF2), it follows that (x,x2) € R. By the definition of hr and using again
(HF2), it is straightforward to show that hg ([22)¢) C [21)°. Hence (z1, [x2)°) € €} 0 Rp,,.

U

By Corollary 4.9, we have that « is a natural isomorphism between the identity functor
in PHA and the functor A o X. By Proposition 4.14, we obtain that ¢* is a natural
isomorphism between the identity functor in HS and the functor X o A. Hence, putting
all these results together, we obtain the main result of this section.
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Theorem 4.15. The categories PHA and HS are dually equivalent given by the con-
travariant functor X: PHA — HS and A: HS — PHA.

5 Final summary and future work

We have obtained an algebraic characterization of the Hilbert algebras A(X) that rise from
the H-set (X, <,K). From the inverse point of view, we have developed a representation
and a categorical discrete duality for the class of perfect Hilbert algebras through the
structures (X, <, K).

Despite the conditions that define perfect Hilbert algebra are something like strange,
we showed that this class contains some well-known classes of algebras: it contains the
finite Hilbert algebras, the Hilbert algebras given by the order, and the class of atomic and
complete Tarski algebras. We also have proved that the class of perfect Hilbert algebras
is not a quasivariety.

There are some questions or problems which might be considered for future work:

e The variety generated by the class of Hilbert algebras given by the order (see for
instance [5]) is the algebraic counterpart of the order implicative calculus axiomatized by
Bull [2], which is an extension of the implicative fragment of intuitionistic logic. As we
mentioned, the class of perfect Hilbert algebras PHA contains the class of Hilbert algebras
given by the order. Thus, we might ask ourselves, does the class PHA contain the variety
generated by the class of Hilbert algebras generated by the order?

e If the answer to the previous question is negative, we can restrict the problem to
the following. Another important variety of Hilbert algebras is that generated by the
Hilbert algebras which are totally ordered (regarding its natural order). This variety was
mainly studied in [15] (here these Hilbert algebras are called linear) and in [4] (here these
Hilbert algebras are called prelinear). By [5, Lemma 12], it follows that every Hilbert
algebra which is totally ordered is a Hilbert algebra given by the order. Thus, we might
ask ourselves, does the class PHA contain the variety generated by the class of Hilbert
algebras which are totally ordered?

o If at least one of the two previous questions is answered affirmatively, it might be
interesting to develop a relational semantic, through the H-sets (X, < K), for the logic
defined by the corresponding subvariety of Hilbert algebras.
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