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Abstract. The aim of this article is to develop a Priestley-style duality
for the variety of DN-algebras. In order to achieve this, we use the con-
cept of free distributive lattice extension of a DN-algebra. We establish a
connection with the Priestley duality for distributive lattices. Finally, we
present topological descriptions for the lattice of filters, for the lattice of
congruences, and for certain kinds of subalgebras of a DN-algebra.
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1. Introduction

Distributive nearlattices arose as a natural generalization of distributive lat-
tices, and they were studied by several authors under different names, see
for instances [4,15,27,30,32,12,13,8,22,6,23,7]. A distributive nearlattice is a
join-semilattice (A, V) such that for every element a € A, the principal upset
Ta ={z € A:a < z} is a distributive lattice. Equivalently, a distributive
nearlattice can be defined as a join-semilattice (A, V) satisfying the following
conditions: (i) if a,b € A are bounded below, then there exists the infimum
of a and b; (ii) if a; A --- A a,, there exists in A, then (ay Vb) A--- A (an VD)
exists for all b € A and equals (a3 A -+ A ay) V b. Thus, it is clear that the
notion of distributive nearlattice is a natural generalization of distributive lat-
tice and it is an ordered algebraic structure much richer than join-semilattice.
Moreover, it is worth noting that an interesting subclass of distributive near-
lattice is provided by those join-semilattice in which each principal upset is
a boolean algebra. These semilattices were studied by Abbott [2,1] under the
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name semi-boolean algebras and mainly from the point of view of implication
algebras. The class of implication algebras is the algebraic semantics of the
{—}-fragment of classical propositional logic.

A drawback of the class of distributive nearlattices is that not a variety.
However, several authors defined a variety of ternary algebras, which we shall
call DN-algebras, through certain identities in such a way that the class of
distributive nearlattices is in a one-to-one correspondence with this variety,
see [27,13,3]. Moreover, in [21], it was proposed a propositional logic Spy
associated with the variety DN of DN-algebras. There, it was proved among
other things that the algebraic counterpart (in the sense of Abstract Algebraic
Logic, see [17]) of this logic is the variety of DN-algebras, that is, Alg(Spy) =
DN. Furthermore, in [24] it was shown that the logic Spy can be interpreted
inside the {A, V}-fragment of classical logic. These results show us that there is
a deep connection between the logic Spy and the {A, V}-fragment of classical
logic (see [18,19]), and thus there is also a deep connection between the variety
of DN-algebras and the variety of distributive lattices. For these reasons, we
consider that is convenient to work with DN-algebras instead of distributive
nearlattices.

A very useful tool for studying distributive lattices and those logics which
have an algebraic semantic based on distributive lattices is the Priestley duality
[28,29]. Furthermore, there is a vast literature of papers using and generalizing
the Priestley duality to different classes of algebras and applying it to the
study of logic. The Priestley duality and its variants are central in making the
link between syntactical and semantic approaches to logic. Hence, since DN-
algebras are a natural generalization of distributive lattices, we think it will
be important to try to establish a Priestley-style duality for the class of DN-
algebras. On the other hand, it is worth mentioning that in [8] (see also [9,10])
is developed a topological duality for the class of distributive nearlattices with
a greatest element in the spirit of Stone’s duality for distributive lattices.

The paper is organized as follows. In Section 2, we provide the required
notations and preliminaries on partially ordered sets and lattices, DN-algebras,
and Priestley duality. Section 3 is devoted to an overview of the notion of free
distributive lattice extension of a DN-algebra (see [15,9]). We show that the
algebraic categories of DN-algebras and distributive lattices are related by an
adjunction. In [9], it is proved that the lattice of filters of a DN-algebra and the
lattice of filters of the free distributive lattice extension are isomorphic. Then,
we show that this isomorphism can be restricted to an order-isomorphisms
between the set of prime filters of the DN-algebra and the set of prime filters
of its free distributive lattice extension, both sets ordered by set-theoretical
inclusion. This is important to develop our duality. In Section 4, we introduce
the definition of Priestley DN-space and show, at the object level, that the
class of DN-algebras is categorically equivalent to the class of Priestley DN-
spaces. In Section 5, we extend the equivalence of the previous section to a full
categorical duality between the category of DN-algebras and homomorphisms
and the category of Priestley DN-spaces and certain morphisms. The section is
ended by establishing a connection between the four categories mentioned so
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far: the categories of DN-algebras, distributive lattices, Priestley DN-spaces,
and Priestley spaces. In Section 6, we put the duality for DN-algebras to work
to obtain topological descriptions of some important algebraic concepts as
filters, congruences, and subalgebras of DN-algebras. These results provide a
wider context and generalize the Priestley duality for distributive lattices.

2. Preliminaries

2.1. Order and lattices

We assume that the reader is familiar with order and lattice theory. Our main
references for these are [25,16,5].

Let (P, <) be a poset. For every subset U C P, we define the set U =
{z € P:x >y, for some y € U}. Dually, we have the definition of |U. We shall
write Tz instead of T{x}. A subset U C P is called upset if U = TU. Dually,
V C Pisa downset if |V = V. We denote by Up(P) the collection of all upsets
of P. We shall consider the complete distributive lattice (Up(P),N, U, d, P).

Let L = (L,A,V) be a lattice. We will say that a subset FF C L is a
filter of L if it is an upset and closed under A. We denote the collection of
all filters of L by Fi(L). A filter F is said to be prime if a € F or b € F
whenever a Vb € F. Let Fi,. (L) be the collection of all prime filters of L. (See
Remark 2.5).

2.2. DN-algebras

As we mentioned in the introduction, a distributive nearlattice is a join-
semilattice (A, V) such that for every element a € A, the principal upset
Ta = {z € A:a < z} is a distributive lattice. We encourage the reader
unfamiliar with distributive nearlattices to consult [13,11,27].

Definition 2.1 [3]. An algebra A = (A, m) of type (3) is called a DN-algebra if
the following identities hold:

(Pl) m(x,y,x) =T
(P2) m(m($7 y7 Z)? m(y’ m(u7 x’ Z)? 2)7 w) = m(w7 w7 m(y7 m(xV u? Z)V Z))’
(P3) m(z,z,m(y, z,w)) = m(m(z,z,y), m(z,z,z),w).
We denote by DN the variety of DN-algebras. At first glance, the above

identities appear to be strange. However, the next theorem shows us the real
meaning of these identities.

Theorem 2.2 [13]. (1) If A = (A,m) is a DN-algebra, then the algebra A, =
(A, V), where
vy = m(z,z,y), (2.1)

is a distributive nearlattice.
(2) If S = (S, V) is a distributive nearlattice, then the algebra S* = (S, m)
with

m(z,y,z) = (xVz)A, (yVz)
(where A, is the meet of xV z and y V z in [2)) is a DN-algebra.
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(3) If A is a DN-algebra and S is a distributive nearlattice, then (AL)* =
A and (S*). =S.

The previous theorem shows us that there is a one-to-one correspon-
dence between DN-algebras and distributive nearlattices. Actually, this can be
easily extended to a categorical equivalence between the algebraic category of
DN-algebras and homomorphisms and the category of distributive nearlattices
whose morphisms are join-homomorphisms preserving existent finite meets.

Example 2.3. Let (L, A, V) be a distributive lattice. Then, it is clear that (L, V)
is a distributive nearlattice. Hence, (L, m) is a DN-algebra, where the operation
m is defined by m(x,y,2) = (x V2) A (y V 2).

Example 2.4. Let A = {X C N: #(X) = Xy} and m is the ternary map on
A defined as follows: m(X,Y,Z) = (X UZ)N(YUZ), forall X,Y,Z € A. It
is straightforward to show that (A,U) is a distributive nearlattice, where the
meet in the principal upsets of (4,U) is N. Hence, by Theorem 2.2, (4, m) is
a DN-algebra.

Given a DN-algebra A = (A, m), we consider the join operation V on A
defined as in (2.1) and the partial order < on A is determined by V, i.e., x <y
if and only if y = 2 Vy = m(z,z,y). For every element a € A, we denote the
meet in [a) by A,. It should be noted that the meet x A y exists in A if and
only if x, y have a common lower bound in A. Thus, the meet of x and y in [a)
coincides with their meet in A, that is, zA,y = zAy for all z,y € [a). Moreover,
whenever we write a; A --- A a,, will means that the meet of aq,...,a, there
exists in A and is a; A --- A a,,. On the other hand, notice that if a1 A--- A ay,
there exists in A, then (a1 A -+ Aay) Vb= (a1 Vb) A--+ A (a, VD), for all
b € A. All these considerations should be kept in mind since we will use them
without mention.

Let A be a DN-algebra. A subset F' C A is said to be a filter of A if it
is an upset of A and closed under existing finite meets. We denote by Fi(A)
the collection of all filters of A. It is clear that Fi(A) is an algebraic closure
system, and thus it is a complete lattice. Given a nonempty subset X C A, let
us denote by Figa (X) the filter of A generated by X. It is known that

Figp(X)={a€A:a=a; A--- Aay,, for some ay,...,a, € TX}.
This can be proved by the results given in [15]. It is also known that
(Fi(A),N,Y)
is a distributive lattice, where F'YG = Fig, (FUQG) (see for instance [15,27,11]).

Moreover, we notice that Figa (X) can be written in terms of the ternary
operation m as follows:

Figpa(X)={a€ A:a=m(x1,...,zp,a), for some z1,...,2, € X}

where m(z1,...,2n,y) = (21 VY) A+ A (2, Vy). We leave the details to the
reader.

A filter F is said to be prime if a Vb € F, then a € F or b € F, for all
a,b € A. Let us denote by Fip(A) the collection of all prime filters of A.
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Remark 2.5. Notice that the empty set is always a filter of a DN-algebra (lat-
tice). Moreover, for every DN-algebra (lattice) A, from the definition, we have
also that the empty set and the whole set A are prime filters. These are unusual
facts. It is standard to restrict the filters to the nonempty sets and the prime
filters must be proper. Our considerations made here are the key to developing
our duality.

Let A be DN-algebra. A subset I C A is said to be an ideal of A if it is
a downset closed under V. Given a subset X C A,

Idga(X)={ac€A:a<z1 V-V, forsome z1,...,z, € X}

is the least ideal of A containing X. An ideal I is called prime if a € I or
b € I, whenever a A b exists and a Ab € I.

Theorem 2.6 [26]. Let A be a DN-algebra, I an ideal of A and F a filter of
A. If F NI =0, then there exists a prime filter P of A such that F C P and
PNI=0.

Proof. Let I be an ideal and F' a filter of A such that F'N I = (. Then, by
[26, Theorem 1], there is a prime ideal P of A such that I C P and FNP =
0. Tt is straightforward show that P¢ is a prime filter. Hence F' C P¢ and
pPeni=0. O

Corollary 2.7. Let A be a DN-algebra and a,b € A. If a £ b, then there is a
prime filter P of A such that a € P and b ¢ P.

Let A = (A,m) be a DN-algebra and L = (L, A, V) a distributive lat-
tice. Given that L can be considered as a DN-algebra with the operation
mr(a,b,c) =(aVe)A(bVe)=(aAb)Vc, we shall say that amap f: A — L
is a homomorphism from A into L if f(m(a,b,c)) = my(f(a), f(b), f(c)) =
(fla) VvV f(e) A (f(b),Vf(c)), for all a,b,c € A. It is straightforward to check
that a map f: A — L is a homomorphism if and only if satisfies the following;:
for all a,b € A,

(1) flaVvb) = f(a)V f(b), and
(2) flaAb)= f(a)A f(b), whenever a A b exists in A.

A embedding is an injective homomorphism.

2.3. Bounded Priestley spaces

In this subsection, we recall the Priestley duality for distributive lattices (not
necessarily bounded). For more details, we refer the reader to [14,16].

Definition 2.8. A structure (X, 7, <,0, 1) is said to be a bounded Priestley space
if:
(1) (X, 1) is a compact space.
(2) (X, <) is a poset with least element 0 and greatest element 1, and 0 # 1.
(3) (X, 7,<) is totally order-disconnected: for any z,y € X where z £ y,
there is a clopen upset U such that x € U and y ¢ U.
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Notice that (X,7,<,0,1) is a bounded Priestley space if and only if
(X, T,<) is a Priestley space [16] such that 0 and 1 are, respectively, the least
and greatest elements of (X, <).

Let L be a distributive lattice (not necessarily bounded). Recall that
Fi,, (L) denotes the collection of all prime filters of L and it is ordered by
the set-theoretical inclusion. Recall also that ,L € Fiy(L). Let ¢: L —
Up(Fipr (L)) defined as follows: for every u € L,

o(u) ={F € Fip, (L) : u € F}.
It follows that ¢ is a lattice-embedding. Let
P(L) = (Fip (L), 1., €, 0, L)

be defined as follows: 71, is the topology on Fi,.(L) having as subbasis the
collection

{o(u) :ue L} U{p()°:ve L}

Proposition 2.9. Let L be a distributive lattice. Then, the structure P(L) =
(Fipe (L), 1, S, 0, L) is a bounded Priestley space.

Given a distributive lattice L, we will say that P(L) is the dual bounded
Priestley space of L. Let (X, 7, <) be an ordered topological space. We denote
by ClUp*(X) the collection of all proper, nonempty clopen upsets of X.

Proposition 2.10. Let L be a distributive lattice. Then,
ClUp*(P(L)) = {¢(u) : uw € L}.

Corollary 2.11 (Representation). Fvery distributive lattice is isomorphic to the
lattice of all proper, nonempty clopen upsets of some bounded Priestley space.

Let (X, 7, <,0,1) be a bounded Priestley space. Consider the distributive
lattice D(X) = (ClUp*(X),N,U). Then, we can consider the dual bounded
Priestley space of D(X):

)

P(D(X)) = (Fip:(D(X)), 7p(x), S, 0, D(X)).

Let 0: X — Fip(D(X)) be defined as follows: for every z € X,
(x

6(z) ={U € ClUp"(X) : x € U}.

It is straightforward to show that 6(z) is a prime filter of the lattice D(X).
Thus, 0 is well-defined.

Let (X,7x,<x) and (Y, 7y,<y) be ordered topological spaces. A map
f: X — Y is said to be an order-homeomorphism if it is a homeomorphism
and an order-isomorphism.

Proposition 2.12. Let (X,7,<,0,1) be a bounded Priestley space. Then, 0 is
an order-homeomorphism.
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Let DL be the category of distributive lattices as objects and lattice-
homomorphisms as morphisms. Let X and Y be two bounded Priestley spaces.
A map f: X — Y is said to be order-continuous if it is a continuous order-
preserving map such that f(0) =0 and f(1) = 1. Let BPS be the category of
bounded Priestley spaces and order-continuous maps.

Let us define the following functors. Let P: DL — BPS be defined
as follows: for every L € DL, P(L) = (Fipn(L), ., C,0,L). For a lattice-
homomorphism h: L — M, P(h) = h~t: P(M) — P(L). On the other
hand, let D: BPS — DL be defined by: for every X € BPS, D(X) =
(ClUp (X),N,U), and for every order-continuous map f: X — Y, D(f) =
f~L: DY) — D(X).

Theorem 2.13 (Priestley duality). The categories DL and BPS are dually
equivalents under the corresponding functors P: DL — BPS and D: BPS —
DL.

3. The free distributive lattice extension
The following definition can be found in [15] and [9].

Definition 3.1. Let A be a DN-algebra. A distributive lattice L is called a free
distributive lattice extension of A if there exists a embedding e: A — L such
that for each distributive lattice M and a embedding h: A — M, there is a
unique lattice-embedding h: L — M with h=hoe.

By an argument from category theory, it follows that if a free distributive
lattice extension exists for a DN-algebra, then it is unique, up to isomorphism.
In [9], it is proved, by a topological approach, the existence of the free dis-
tributive lattice extension of a DN-algebra. By the construction itself given
in [9] (see Theorem 3.2), it follows that every DN-algebra is finitely meet-
dense in its free distributive lattice extension. Next, we shall present a useful
characterization of the free distributive lattice extensions.

Proposition 3.2. Let A be a DN-algebra. Let L be a distributive lattice and
e: A — L an embedding. The following are equivalent:

(1) (L,e) is the free distributive lattice extension of A.
(2) e[A] is finitely meet-dense in L, that is,

L={e(ar)N---Ne(an) :n €N,ay,...,a, € A}

As we mentioned in the above paragraph, the implication (1) = (2) is
consequence of the results in [9]. Here we present an alternative proof, which
does not depend on the specific construction of the free distributive lattice
extension.

Proof. (1) = (2) Let M be the sublattice of L generated by e[A]. Since e[A] is
closed under joins in L, it follows that for every u € M, there are ay,...,a, € A
such that u = e(a1) A--- Ae(an). Let h: A — M be the map defined by
h(a) = e(a), for all a € A. Tt is clear that h is an embedding. By (1), there is
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a unique lattice-embedding E:AL — M with h="hoe. Let u € L. Then, there
are a,...,a, € A such that h(u) = e(a1) A --- A e(ay). Notice that for each
a € A, e(a) = h(a) = h(e(a)). Then, it follows that

h(u) = h(e(ar)) A--- Ah(e(an)) = he(ar) A--- Ae(an)).

Since % is an embedding, we obtain that u = e(ar) A -+ Ne(ay). Hence, e[A]
is finitely meet-dense in L.

(2) = (1) Let M be a distributive lattice and h: A — M an embedding.
We define h: L — M as follows: for u € L,

h(u) = h(a1) A+ A h(an)

whenever v = e(ay) A--- Ae(a,) with aq,...,a, € A. We show that h is well-
defined. Let u € L be such that u = e(a1) A--- Ae(ay) = e(by) A+ Ae(by).
We have that e(a1) A--- Ae(a,) < e(bj), for all j € {1,...,m}. Then
e(bj) = (e(ar) Ve(bj)) A--- A (e(an) V e(by)) = e((ar V bj) A=+ Afan V bj)).
Since e is injective, we obtain that b; = (a1 Vbj) A--- A (a, V b;), for all j €
{1,...,m}. Thus, applying the embedding h, it follows that h(ai)A- - -Ah(a,) <
h(bj), for all j € {1,...,m}. Then h(a1) A--- Ah(an) < h(b1) A--- A h(bp).
Similarly, we obtain that h(by) A --- A h(by) < h(a1) A--- A h(ay). Hence,
h(a1) A -+ A h(an) = h(by) A -+ A h(by,). Therefore, h is well-defined. By a
very similar argument, it can be proved that h is injective. Moreover, it is

straightforward to show that hisa lattice-homomorphism, h = hoe and it is
the unique lattice-embedding with this property. O

Now we show that there exists a free distributive lattice extension for
each DN-algebra (cf. Theorem 1.3 in [15] and Theorem 3.2 in [9]). Let A be a
DN-algebra. Consider the set Fi,.(A) ordered by the set-theoretical inclusion.
We define the map a4: A — Up(Fip(A)) as follows: for every a € A

as(a) ={F € Fi,(A):a € F}.

It is clear that a4 is well-defined. When there is no danger of confusion, we
omit the subscript the a4.

Proposition 3.3. Let A be a DN-algebra. Then, the map o: A — Up(Fi,(A))
18 an embedding.

Proof. 1t is straightforward by Corollary 2.7 and the definition of « itself. [

Let A be a DN-algebra. Let L(A) be the sublattice of Up(Fip.(A)) gen-
erated by a[A]. From the above proposition, we have a[A] is closed under finite
unions. Thus, it follows that

L(A) ={a(a1)Nn---Nalay) :n € Nand ay,...,a, € A}.

Therefore, the following proposition follows directly from the previous propo-
sition and by the characterization given in Proposition 3.2.

Proposition 3.4. For every DN-algebra A, (L(A),«) is the free distributive
lattice extension of A.
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From now on, we will denote by (L(A),ea) the free distributive lattice
extension of a DN-algebra A.

Now let us establish a categorical relation between the variety of DN-
algebras and the variety of distributive lattices. Let DA be the algebraic cat-
egory of DN-algebras and homomorphisms and DL the algebraic category of
distributive lattices and homomorphisms.

We define U : DL — DN as follows. For every distributive lattice L, let
U(L) = (L, m), where m(x,y,z) = (V 2) A (y V z). We know that U (L) is a
DN-algebra. Let L and M be distributive lattices. For every homomorphism
h: L — M, we define U(h) = h: U(L) — U(M). Then, U(h) is a homomor-
phism between DN-algebras. It is straightforward to show directly that U/ is a
functor. Next we want a functor from DN to DL. We need the following.

Proposition 3.5. Let A and B be DN-algebras. If h: A — B is a homomorphism,
then there is a unique lattice-homomorphism L(h): L(A) — L(B) such that
L(h)oes =ep oh. Moreover, if h is injective, then so is L(h).

Proof. Let h: A — B be a homomorphism of DN-algebras. We define the map
L(h): L(A) — L(B) as follows: for every u € L(A),

L)) =\ en(h(a))

1<i<n

whenever u = e4q(a1) A --- A ea(ay,) for some aq,...,a, € A. First, we need
to show that L(h) is well-defined. Let u € L(A) and suppose that u =

N eala;))= A ea(b;), for some a;,b; € A. Then, for every j =1,...,m,
1<i<n 1<j<m
we have

N eala;) < ea(b))

1<i<n

eala;) | Vea(bs) =ea(b))
1<i<n

/\ eA(ai V bj) = eA(bj)

1<i<n
e /\ (Cli\/bj) :eA(bj).
1<i<n

Since e4 is an embedding, we obtain that A (a; V bj) = b;. Then,
1<i<n

N (@) v k(b)) = h(b;)

1<i<n

es | N\ (@) Vv h(b) | =en(h(b))

1<i<n
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N (es(h(a)) Ves(h(b;))) = en(h(b)))
1<i<n
A en(h(a) < en(hidy)).
1<i<n

Hence, A\,<;<,en(h(ai)) < Ni<j<men(h(b;)). By analogous argument, we
obtain the reverse inequality. Then, A, <, en(h(a;)) = Ni<j<m eB(h(b))).
Hence, L(h) is well-defined. Now, it is easy to show that L(h) is a lattice-homo-
morphism. Moreover, by definition of L(h), it is clear that L(h) oeq = egoh
and L(h) is the unique lattice-homomorphism with this property. Now, if h
is injective, then following a similar argumentation showing that L(h) is well-
defined it can be proved that L(h) is also injective. O

Proposition 3.6. Let h: A — B and g: B — C' be homomorphisms between
DN-algebras A, B and C. Then, L(go h) = L(g) o L(h).

Proof. Letuw € L(A). Let ay,...,a, € Abesuch that u = eq(a;)A---Aea(an).
Then
L(goh)(u) = /\ ec((goh)(a:)) = /\ ec(g(h(ai))) = L(g)(L(h)(w)).

O

We are ready to define £: DN — DL as follows. For every DN-algebra
A let L(A) = L(A), and for every homomorphism of DN-algebras h: A — B,
let £L(h) = L(h). By the above propositions, it follows that £ is a functor.

Theorem 3.7. The pair (L,U) is an adjoint of functors.

Proof. Notice that for every DN-algebra A, ({oL)(A) = L(A). Then, for every
DN-algebra A, we have the morphism e4: A — (U o L)(A) of the category
DN. We need to show that for each DN-algebra A and each homomorphism
h: A — U(L), there exists a unique homomorphism h: L(A) — L such that
Uh)oeq = h.

Let A be a DN-algebra and h: A — U(L) a homomorphism. By Propo-
sition 3.5, there exists a unique homomorphism % := L(h): L(A) — LU(L))
such that hoey = ey(w) © h. Notice that L(U(L)) = L and ey ) = idy, is the
identity map. Let a € A. Then,

(U(R) o ea)(a) = (h o ea)(a) = (ey(c) © h)(a) = h(a).
O

Now let us establish the relation between the filters of a DN-algebra A
and the filters of the free distributive lattice extension L(A).

Let A be a DN-algebra and (L(A),e) its free distributive lattice exten-
sion. We define ¥: Fi(L(A)) — Fi(A) and ®: Fi(A) — Fi(L(A)) as follows:

U(G)=e'[G] and ®(F) = Figpa(e[F]) (3.1)

for each G € Fi(L(A) and F € Fi(A), where Figya)(e[F]) is the filter of
L(A) generated by e[F]. Since e: A — L(A) is an embedding, it follows that
e 1[G] € Fi(A). Thus, ¥ is well-defined.
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Proposition 3.8 [9]. Let A be a DN-algebra and (L(A),e) its free distributive
lattice extension of A. Then, the maps V: Fi(L(A)) — Fi(A) and ®: Fi(A) —
Fi(L(A)) are isomorphisms, one inverse of the other. Moreover, the corre-
sponding restriction U: Fiy (L(A)) — Fi, (A) and @: Fi, (A) — Fi,, (L(A))
are order-isomorphisms.

Proof. The proof that the maps ¥: Fi(L(A)) — Fi(A) and ®: Fi(A) —
Fi(L(A)) are isomorphisms can be found in [9]. It is well-known that a proper
filter F' of a distributive lattice L is prime if and only if F' is a meet-prime
element of the lattice Fi(L). The same statement is true in the context of dis-
tributive nearlattices. Moreover, it is clear that if two lattices are isomorphic,
then the ordered sets of meet-prime elements are order-isomorphic. Hence,
we have that the corresponding restriction ¥: Fin (L(A)) — Fip(A) and
®: Fi,, (A) — Fi, (L(A)) are order-isomorphisms. O

Let (L(A),e) be the free distributive lattice extension of a DN-algebra
A. Recall that the map ¢: L(A) — Up(Fip (L(A))) is defined as follows
o(u) ={G € Fi(L(A)) : u € G}
and it is a lattice-embedding. We have the following.
Lemma 3.9. Let a € A and u € L(A). Let ay,...,a, € A be such that u =
e(ar) A--- ANe(ayn). Then, we have:
(1) ‘1’[90( (a))] = afa).
(2) Y[p(w)] = afar) N--- N alan).
3) Ylp(u)] = alar)*U--- Ualan)".
Here p(u)® = Fipr (L(A)\p(u) and a(a)® = Fip (A)\a(a).
Proof. (1) Let a € A. Then,

Ulp(e(a)] = {¥(G) : G € ple(a)} = {e'[G] s a € e '[G]}.
It follows that ¥[p(e(a))] C a(a). Let F € a(a). Since F € Fi,(A), it follows
that there is G € Fip(L(A)) such that F = ¥(G) = e [G]. Thus a € e [G].
Then, F = e~ 1[G] € ¥[p(e(a))]. Hence a(a) C ¥[p(e ( )]
(2) and (3) are consequence of (1) using that ¢ is a lattice-embedding
and ¥ is a bijection. O

4. Representation

Let X be a subset and A a collection of subsets of X. We define the binary
relation <4 on X as follows:

r<qy <= VWeAzxelU = yel).
It is clear that <4 is a quasiorder (a reflexive and transitive relation) on X.

Definition 4.1. A tuple (X, 7, .4,0,1) is called a Priestley DN-space if:

(1) (X, 1) is a compact space and 0,1 € X.
(2) Ais a collection of subsets of X such that AU{U®: U € A} is a subbasis

for 7.
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3) 0¢UAand 1 €A

(4) Foral UV, W e A, UUW)N(VUW) € A

(5) For each pair of distinct points x,y € X, there exists U € A containing
exactly one of these points.

Let us point out several facts and properties about Priestley DN-spaces.
By (S2), we can see that the members in A are clopen subsets of the space
(X,7), and by (S3) we have that every U € A is proper and nonempty. From
condition (S5), it follows that the relation < 4 is a partial order on X. Moreover,
each U € A is an upset of the poset (X, <4). Condition (S3) implies that 0
and 1 are, respectively, the least element and the greatest element of (X, <4).
Condition (S4) is equivalent to the following two conditions: (i) if U,V € A,
then UUV € A; (ii) for any UV, W € A, if W CUNV,then UNV € A.

Proposition 4.2. Let (X, 7,A,0,1) by a Priestley DN-space. Then, the struc-
ture (X, 71,<4,0,1) is a bounded Priestley space.

Proof. Tt only remains to prove that (X, 7, <4) is totally order-disconnected.
As we saw above, we know that A C ClUp"(X). Now, by definition of the
order < 4, we have that

rfay = U AlxeUandy¢U).
Hence, (X, 7, <) is totally order-disconnected. d

Proposition 4.3. Let (X,7,A,0,1) be a Priestley DN-space. Then,
Clup"(X)={Uin---NU,:neN, Uy,...,U, € A}
Proof. Since A C ClUp*(X), it is clear that
{t1Nn---NU,:neN, Uy,...,U, € A} C ClUp"(X).
Let U € ClUp*(X). Let y ¢ U. For every x € U, we have x £ 4 y. Thus,
for every © € U, there is U, € A such that « € U, and y ¢ U,. Then
U C |\ U, : € U}. Since U is closed, it follows that U is compact. Thus,
there are Uy, ,...,U,, € Asuchthat U CU,, U---UU,, . By (S4), U, := U, U
--UU,, € Aand y ¢ U,. Hence, we have proved that for every y ¢ U, there is
U, € Asuch that U C U, and y ¢ U,. Then, U = ({V € A: U C V}. Since
Uc¢ is also compact, it follows that U = Vi N--- NV, for some V1,...,V,, € A.
This completes the proof. O

Proposition 4.4. Let (X,7,A,0,1) be a Priestley DN-space. Then (A,m) is a
DN-algebra, where m is defined as follows: for oll U,V,W € A,

(U, V,W) = U UW)n(VUW). (4.1)

Proof. Notice that m(U,U,V) = U UV, for all U,V € A. Moreover, from
condition (S4) and the paragraph after Definition 4.1, it follows that (4,U) is
a distributive nearlattice. Hence, by Theorem 2.2, we obtain that (A, m) is a
DN-algebra. O

Given a Priestley DN-space (X, 1, 4,0, 1), we will say that (4, m) is the
dual DN-algebra of X.
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Theorem 4.5. Let (X, 7,.A,0,1) be a Priestley DN-space. Then, the distributive
lattice (ClUp*(X),N,U) is the free distributive lattice extension of the DN-
algebra (A, m).

Proof. We know that A C ClUp*(X). Then the identity map id: A— ClUp*(X)
is an embedding. Now, by Proposition 4.3, A is finitely meet-dense in C1Up* (X).
Hence, from Proposition 3.2, it follows that ClUp*(X) is the free distributive
lattice extension of the DN-algebra A. O

Let now A = (A, m) be a DN-algebra. Recall that a: A — Up(Fi,,(A))
is the map defined by a(a) = {F € Fi,,(A):a € F}, for all a € A. Let 74 be
the topology generated by the subbasis

{a(a) :a € A} U{a(d)®:be A}
Proposition 4.6. Let A be a DN-algebra. Then,

X(A) = (Fipe(A), 7, 0[A], 0, A)
18 a Priestley DN-space.

Proof. (S1) Let Ag, By C A be such that

Fi, (A) = U{a(a) ta € Agt U L_J{oz(b)C :b€ By}.

Let F := Figa(By) and I := Idga (Ap). Suppose that F NI = (). Thus, by
Theorem 2.6, there is P € Fip(A) such that F C P and PNI = . In
particular, By C P and PN Ag = 0. Then P ¢ J{a(a) : a € Ao} U J{a ()" :
b € By}, which is a contradiction. Hence, F NI # 0. Let ¢ € F N I. Then,
there are y1,...,yn € 1By and aq,...,a.,n € Ag such that yy A+ Ay, =c¢ <
ay V-V a,. Thus, since a is an embedding, we have a(y;) N -+ N a(y,) =
alc) C ala)U---Ualan). Since y1,...,yn € 1By, there are by,...,b, € By
such that b; <y, for all ¢ = 1,...,n. Hence

alby) N - Nalby) C afar) U---Ua(am).
That is,
0 =ca)n---Nal,) Nala) N Nalan)C.
Then,
Fip(A) = aag) U+ Ua(an) Ua(by)U---Ua(by)C.

Therefore, (Fi,.(A),Ta) is a compact space.

(S2) and (S3) are straightforward by definition.

(S4) Let a,b,c € A. Since a: A — Up(Fip,(A)) is an embedding, it follows
that

(a(a) Ual(e)) N (ald) Ualc)) = a(m(a,b,c)) € alA].
(S5) is straightforward. O
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Given a DN-algebra A, we say that X(A) = (Fin(A),7a,[A],0, A)
is the dual Priestley DN-space of A. Notice that the partial order <,(4 is
actually the set-theoretical inclusion. Indeed, let F,G € Fip,(A),

F <44 G <= Vac A(F € aa) = G € afa))
<= VYacAlaeF = a€(G) < FCG.

Let A = (A,m) be a DN-algebra. Since a: A — Up(Fip(A)) is an
embedding, it follows that for all a,b,c € A,

a(m(a,b,c)) = (a(a) Uale)) N (a(d) Ualc)) = m(a(a), ald), alc)).

Hence, we obtain that (A, m) = (a[A], m), where m is defined by (4.1). There-
fore, we have the following representation.

Corollary 4.7 (Representation). Fvery DN-algebra A is isomorphic to the dual
DN-algebra A of some Priestley DN-space (X, 1, A,0,1).

Now, let us consider the opposite direction. Let (X, 7,.4,0, 1) be a Priest-
ley DN-space. Let A(X) = (A, m) its dual DN-algebra. Hence, we can consider
the dual Priestley DN-space of A(X):

X (A(X)) = (Fipe(AX)), 740 aacx) AL 0, A).
Let us define 6: X — Fip, (A(X)) as follows: for every z € X,
O(z) ={ue A:zcu}.
It is easy to show that 6(z) € Fi,, (A(X)), for all z € X. Thus, 6 is well-defined.

Proposition 4.8. Let (X,7,A,0,1) be a Priestley DN-space. Then the map
0: X — Fi, (A(X)) is a homeomorphism from the space (X, 7, A,0,1) onto
the space X(A(X)) = (Fip:(A(X)), Ta(x), 2acx)[Al, 0, A). Moreover, {fu] :
u e A} = OéA(X)[.A].

Proof. We prove this proposition in several steps.

e 0 is injective. It is a direct consequence from condition (S5)

e ¢ is onto. Let F € Fi, (A(X)). Since ClUp*(X) is the free distributive
lattice extension of the DN-algebra A(X), it follows by Proposition 3.8 that
G = Figaupe(x)(F) is a prime filter of the distributive lattice ClUp*(X).
Since ClUp*(X) is the dual distributive lattice of the bounded Priestley space
(X,7,<4,0,1), it follows by Proposition 2.12 that there is z € X such that
G ={U € ClUp"(X) : € U}. Then, it is clear that G N A = 0(x). Now we
show that F = G N A. It straightforward that F C GNA. Let W € GNn A.
Thus, there are Uy,...,U, € F such that Uy N---NU, € W. Then W =
(Uyuw)n---N (U, UW). Notice that each U; UW is in F. Hence W € F.
Thus, we have G N A C F. Hence F = 6(z).

e 0 is continuous. Notice that the corresponding subbasic opens of the
space X (A(X)) are the form:

aqx)y(u) = {F € Fi (A(X)) :u € F}
and
aax) (V) ={F € Fip(A(X)) : v ¢ 7}
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with u,v € A. It is enough to show that for each u,v € A, 07 [ 4(x)(u)] and
0~ ova(x)(v)] are opens of X. Let u,v € A and € X. Then

z €0 asx)(v)] < 0(z) € axx)(u) < uel(z) < zEu

Hence 07! o q(x) (u)] = u. By a similar argument, 6~ [ov 4(x)(v)°] = v°. There-
fore, we have proved that 6 is a homeomorphism.

e From the previous point, it follows that {0[u] : u € A} = {aa(u) 1 u €
A} = afAl.

5. Duality for the category of DN-algebras

Recall that DN is the algebraic category of DN-algebras and homomorphisms.
In the previous section, we show that the class of DN-algebras is categorically
equivalent (at object level) to the class of Priestley DN-spaces. In order to
extend this equivalence to a full dual categorical equivalence between the cat-
egory of DN-algebras and a certain category of Priestley DN-space, we need
to introduce the corresponding morphisms between Priestley DN-spaces.

Definition 5.1. Let X = (X,7,4,0x,1x) and Y = (Y, 7, 8,0y, ly) be Priest-
ley DN-spaces. A map f: X — Y is said to be a Priestley DN-morphism from
XtoYif f7HV] € A, forall V € B.

Let f: X — Y be a Priestley DN-morphism. By (S2), it follows that
f is continuous. From conditions (S3) and (S5), we obtain that f(0x) = Oy
and f(1x) = ly. Moreover, from the definition of Priestley DN-morphism, it
follows that 1 <4 20 = f(x1) <p f(x2), for all z1,29 € X. That is, f is
order-preserving.

Notice that the usual composition of two Priestley DN-morphisms is a
Priestley DN-morphism. Hence, we can define the category PDN'S of Priestley
DN-spaces and Priestley DN-morphisms.

Proposition 5.2. (1) Let X = (X,7,A4,0x,1x) and Y = (Y,n,B,0y,1ly) be
Priestley DN-spaces. If f: X — Y s a Priestley DN-morphism, then
f~': B — A is a homomorphism of DN-algebras from (A, m) to (B,m).

(2) Let A and B be DN-algebras. If h: A — B is a homomorphism, then
h=t: X(B) — X(A) is a Priestley DN-morphism.

Proof. (1) Let vy, vy,v3 € B. Then,

FHm(v1,v2,03)) = £~ (01 Uws) N (v Uws))
(M) U FHw3)) N (FH(w2) U f~H(w3))
= m(f~ (v1), f~ (v2), f (vs)).

(2) First, notice that h=': Fi,,(B) — Fip,(A) is a well-defined function
because h: A — B is a homomorphism. Now, let a« € A. We need to show that
(h~1)"'aa(a)] € ag[B]. Let G € Fi,(B). Then,

G e (hH Haala)] <= R Y(G) € aala) <= a € h™'(G)
< h(a) € G < G € ap(h(a)).
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Hence (h~!)"!aa(a)] = ag(h(a)) € ag[B]. Therefore, h=1: X(B) — X (A)
is a Priestley DN-morphism. O

Now we can define the corresponding functors. Let
(1) X: DN — PDN'S be defined as follows:
o X(A) = (Fip(A),7a,al[A],0, A), for each DN-algebra A;
e X(h): X(B) — X(A) is given by X(h) = h™!, for each homomorphism
h: A — B of DN-algebras.
(2) A: PDNS — DN be defined as follows:
e A(X) = (A,m), for each Priestley DN-space X = (X, 7, 4,0,1);
o A(f): A(Y) — A(X) is given by A(f) = f~!, for each Priestley DN-
morphism f: X — Y between Priestley DN-spaces.
Proposition 5.3. Let h: A — B be a homomorphism between DN-algebras and

let f: X — Y be a Priestley DN-morphism between Priestley DN-spaces. Then,
we have A(X(h)) ocaa = agoh and X(A(f))ob0x =60y o f.

Proof. Let a € A and G € Fip,(B). Then,
G € A(X(h)(aa(a)) <= G <€ X(h)  aa(a)) <= X(h)(G) € aa(a)
< a€h G] < h(a) € G <= G € an(h(a)).
Hence, A(X(h))(aa(a))) = ag(h(a)). Let now € X and V € B. Then,
Ve X(A))Ox(x) = VeAf)(0x(2) = f1(V) € bx(a)
— f(x) eV <= V €by(f(x)).
Hence, X(A(f))(0x (x)) = 0y (f(x). O
Now we are ready to establish the main result. The proof of this theorem

is a matter of putting together what we have developed and proved so far, and
thus we leave the details to the reader.

Theorem 5.4. The functors X: DN — PDNS and A: PDNS — DN are
dual equivalences of categories, and hence the categories DN and PDN'S are
dually equivalent.

We end this section by establishing a connection between the categories
mentioned so far. First, let us define Z: PDN'S — BPS as follows. For every
Priestley DN-space X = (X,7,A4,0,1), Z(X) = (X,7,<4,0,1). For every
Priestley DN-morphism f: X — Y, let Z(f) = f. By Proposition 4.2 and from
Definition 5.1, it follows that 7 is a functor. Now we consider the following
diagram.

N—E e
X P
PDNS BPS
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We will show that the above diagram commutes. In order to accomplish this,
notice first that for all A € DN,

(PoL)(A) = (Fip:(L(A)), 7z (a), S, 0, L(A))
and
(T0X)(A) = (Fige(A), 7a, C, 0, 4).
Now we define ¥: (P o L) — (Z o X) as follows: for every A € DN,
A:(PoL)(A)— (ZoX)(A)
is defined by
VA(G) = ¢4 [G],
for each G € Fi,.(L(A)).
Proposition 5.5. ¥: (Po L) — (Zo X) is a natural isomorphism.

Proof. We need to prove that: (1) U4 is an isomorphism of the category BPS,
for all A € DN; and (2) for each Priestley DN-morphism h: A — B of the
category DN, the following diagram commutes:

(PoL)(A) Ta (T o X)(A)
(PoL)(h) (T o X)(h)
(PoL)(B) . (T o X)(B)

(1) Let A € DN. By Proposition 3.8, the map W4 : Fi, (L(A)) —
Fi,,(A) is an order-isomorphism. By Lemma 3.9, it follows that ¥4 is a con-
tinuous map from the space (Fip:(£(A)), 7z(a)) onto the space (Fi, (A),7a).
Hence, WU 4 is an isomorphism of the category BPS from space (PoL)(A) onto
the space (Z o X)(A).

(2) Let h: A — B be Priestley DN-morphism. Let H € Fi,,(£(B)) and
a € A. Then, by Proposition 3.5, we obtain that

a€ (Uao(PoL)(h)(H) < ac Vs (P(L(h))(H))
a €W (E(h 1[H
aceyt [L(h) ) HH]

L(h) (eala)) € H

=

MMMM
%
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< a€((ZoX)(h)oUp)(H).
Hence, Up o (PoL)(h) =(ZoX)(h)o ¥g. O

6. Dual descriptions

6.1. Dual description for filters

Let (X,7,A4,0,1) be a Priestley DN-space. Let CUp*(X) be the lattice of all
nonempty closed upsets of X. Let A be a DN-algebra and (X, 7,4,0,1) its
dual Priestley DN-space. We define the map C': Fi(A) — CUp*(X) as follows:

= ﬂ{a(a) ta € F},
for every F' € Fi(A). Notice that C(F) = {P € Fi,.(A) : F C P}.

Proposition 6.1. The lattice Fi(A) (ordered by D) of A is isomorphic to the
lattice CUp* (X).

Proof. We will show that the map C: Fi(A) — p*(X) is an order-
isomorphism. It is clear that for all F,G € Fi(A) C G implies that
C(G) C C(F). Now let F,G € Fi(A) and assume that C(G) C C(F). Suppose
by contradiction that F ¢ G. Then, there is a € F and a ¢ G. By Theo-
rem 2.6, there exists P € Fij,(A) such that G C P and a ¢ P. Since a € F
and P ¢ a(a), it follows that P ¢ C(F). On the other hand, G C P implies
that P € C(G) and thus, P € C(F). A contradiction. Hence F' C G. We
have proved that C' is an order-embedding. Now we show that C' is onto. Let
F € CUp"(X). Let F :={a € A: F C a(a)}. It is straightforward that F
is a filter of A. Let P € C(F). Thus F C P. Suppose that P ¢ F. Since F
is an upset, it follows that for every Q € F, Q@ ¢ P. Then, for every Q € F,
there is ag € A such that ag € Q\P. It follows that F C (J{a(ag) : @ € F}.
Since F is compact, there are ag,,...,ag, € A with Q1,...,Q, € F such
that F C afag,)U---Ualag,) and ag,,-..,aqg, ¢ P.Let a =ag, V---Vag,.
Then, a ¢ P and F C «(a). Thus, a ¢ P implies that a ¢ F, and F C «(a)
implies @ € F. A contradiction. Hence, we obtain that C'(F) C F. Now let
P € F. Let a € F. By definition of F, F C «(a). Then P € a(a). It follows
that, P € ({a(a) : a € F} = C(F). Hence F C C(F'). Therefore, C is onto.
This completes the proof. O

6.2. Dual description for congruences

Let A = (A,m) be a DN-algebra and (X, 7,.4,0,1) its dual Priestley DN-
space. Let Con(A) be the lattice of congruences of A and C(X) the lattice
of closed subsets of X. Our aim here is to show that the lattices Con(A) and
C(X) are dually isomorphic.

It is known that a relation # C A x A is a congruence of A if and only
if it is a congruence with respect to Vv, and for all aq,as,b1,bs € A, if a1 A by
and ag A by exist in A and (a1, az), (b, be) € 6, then (a1 A b1,as A bs) € 6.

For every subset Y C X, we define the relation 8y C A x A as follows:

Oy ={(a,b) e AxA:YVPeY(ae P < be P)}.
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Notice that 0y = {(a,b) € Ax A:ala)NY = a(b)NY}. It is straightforward
to show that fy € Con(A). We need the following lemma. For every ¥ C X,
let clx(Y) be the topological closure of Y in the space X.

Lemma 6.2. Let Y,Z C X. Then, 0z C 0y if and only if Y C clx(Z).

Proof. (=) Assume that 67 C 6y. Suppose that Y ¢ clx(Z). So, there is
P € Y\clx(Z). Then, P € clx(Z)°. Thus, there are ai,...,a,,b € A such
that P € a(a1) N...a(a,) Na(b)® C clx(Z)°. Thus

ala)N---Nala,) Nad)NZ =10. (6.1)

Let us show that ((a1 Vb) A--- A (an Vb),b) € 0. Let Q € Z. If (a1 V b) A
+Afa, Vb) € Q, then a; Vb e Q, for all i = 1,...,n. Since @ is a prime
filter and by (6.1), it follows that b € Q. On the other hand, if b € @, then
a; Vb e Q,foralli =1,...,n. Then (a3 Vb) A--- A (ap Vb) € Q. Hence,
((ag VB) A -+ A(ap VD),b) € 87. Now, since P € a(ar) N---Nala,) N a(b)s,
we obtain that a1,...,a, € P and b ¢ P. Thus, a; Vb € P, for all i =
1,...,n. Then, we have that (a; Vb) A--- A (an Vb) € P and b ¢ P. Hence
((ar V) A---A(an VD),b) ¢ 0y. A contradiction. Therefore, Y C clx (Z).
(<) Assume that Y C clx(Z). Let (a,b) ¢ 0y. So, there is P € Y such
that a € Pand b ¢ P (or a ¢ P and b € P). Then a(a) Na(b)*Nclx(Z) # 0.
Thus, a(a) Na(b)°NZ # 0. Let Q € aa) N a(b)®N Z. Then, we have that
QEZ ac@andb¢ Q. Hence (a,b) ¢ 0. Therefore, 07 C y. O

Proposition 6.3. The lattices Con(A) and C(X) are dually isomorphic.

Proof. We define R: C(X) — Con(A) as follows: for every Y € C(X), R(Y) =
Oy. Let Y, Z € C(X). By Lemma 6.2, it follows that ¥ C Z if and only if
07 C 0y. Then, R is a dual order-embedding. Now we show that R is onto. Let
6 € Con(A). Consider the quotient DN-algebra A /6 and the natural projection
m: A — A/6. Let X(A/0) be the dual Priestley DN-space of the DN-algebra
A /6. We have that the map X(7) = 7~ 1: X(A/f) — X is a Priestley DN-
morphism. In particular, X'(7) is continuous. Since the spaces X and X(A/6)
are Hausdorff and compact, it follows that Y := X (7)[X (A /6)] € C(X). Notice
that
Y = {77 '[G] : G € Fi,(A/0)}.

Now let us show that 6 = 6y. Let (a,b) € 6 and Q € Y. Thus, there is
G € Fip(A/0) such that Q@ = 7 ![G]. Then, a € Q <= 7(a) € G <
m(b) € G <= b € Q. Hence (a,b) € Oy. Let (a,b) ¢ 0. Without loss of
generality we can assume that 7(a) £a /¢ m(b). Thus, by Corollary 2.7, there
is G € Fip(A/0) such that 7(a) € G and 7(b) ¢ G. Then a € 7 [G],
b¢ 7 1[G] and 771[G] € Y. It follows that (a,b) ¢ 0y . Hence, we have proved
that 8 = 6y . Therefore, R is onto. g

6.3. Dual description for subalgebras

The aim here is to obtain a topological description of certain kinds of subalge-
bras of a DN-algebra. This topological description is a generalization of what
happens in the context of distributive lattices, where there is a correspondence
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between sublattices of a distributive lattice and the Priestley quotients of the
dual Priestley space of the lattice, see [31,20].
We start with one of the main notions of this subsection.

Definition 6.4. Let A = (A, m) be a DN-algebra. We will said that B C A is
a strong-subalgebra of A if for all by, bs € B,

(1) b1 V by € B;

(2) If by A by exists in A, then by A by € B.

It is straightforward to show that every strong-subalgebra of a DN-
algebra A is in fact a subalgebra of A. But the converse is not true.

From now on, let A = (A, m) be a DN-algebra and (X, 7, 4,0, 1) its dual
Priestley DN-space. Recall that X = Fi,,(A), 7 = 7a, A = a[A], and for each
a€ A, ala)={zre€X:acuz} Moreover, <4 =C.

Let S C A. We define the binary relation <g CX x X as follows: for all
z,y € X,

r3sy <= YaecSlacr = acy).
Notice that
x5y <= SNz C SNy < VYae S(xe€ala) = y € ala)).
It is straightforward to show that <g is a quasiorder on X. Moreover, it is

important to note that <4 C <g .
Now we introduce the second main notion.

Definition 6.5. Let (X, 7,.4,0,1) be a Priestley DN-space. A quasiorder < on
X is said to be A-compatible when for all z,y € X, if £ y, then there is a
=<-upset U € A such that x € U and y ¢ U.

Proposition 6.6. For each S C A, the quasiorder <g is A-compatible.

Proof. Let z,y € X and suppose that  As y. By definition of <g, there is
a € S such that @ € z and a ¢ y. Thus z € a(a) and y ¢ a(a). We know that
a(a) € A. Let us see that o(a) is <g-upset. Let z, w € X be such that z <g w
and z € a(a). Then, SNz C SNw and a € z. Thus a € w. That is w € a(a).
Hence a(a) € A is <g-upset. O

It is easy to check that for all S,T C A, S C T implies that <7 C <g .
Now let R C X x X. We define the following subset of A:

Br={a€A:V(z,y) e Racx = a€y)}
Proposition 6.7. For each R C X x X, Bg is a strong-subalgebra of A.

Proof. Let a,b € Bg.

e Let (z,y) € R and suppose that aVVb € x. Since z is a prime filter of A,
it follows that a € x or b € 2. Suppose that a € = (analogously if b € x). Since
a € Bg and (z,y) € R, we have that a € y. Then a Vb € y. Hence a Vb € Bg.

e Suppose a A b exists in A. Let (z,y) € R and suppose that a Ab € z.
Since z is a filter of A, we obtain that a,b € z. Given that a € B and
(z,y) € R, we have a € y. Similarly, b € y. Then a Ab € y because y is a filter.
Hence a A b € Bg. Therefore, By is a strong-subalgebra of A. O
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It is clear that for all R;, Ry C X x X, R; C Ry implies that B, C Bp,.
Proposition 6.8. If B is a strong-subalgebra of A, then B<, = B.

Proof. Let b € B. Let z,y € X be such that x <p y. Suppose b € z. By
definition of <p, we have that b € y. Then b € B<,. Hence B C B<,. Let
now a € B<,. Let y € X be such that a ¢ y. For each « € X such that a € z,
we have that # Ap y. Thus, by definition of <p, there is b, € B such that
by € x and b, ¢ y. Then,

afa) C U{a(bm) :x € X and a € z}.

By compactness of a(a), we obtain that a(a) C a(by,) U -+ U a(by,) with
byyy...s by, € Band by,,..., by, ¢ y. Let by :=0y, V---Vbg,. Since Bis a
strong-subalgebra, it follows that b, € B. Moreover a(a) C a(b,) and b, ¢ y.
We have proved that for every y € X such that a ¢ y, there is b, € B such
that b, ¢ y and a(a) C a(b,) (which implies that a < b,). Then,

a(a) =({alb,):y € X and a ¢ y}.

By compactness of a(a)?, a(a) = a(by,)N---Na(by,, ). Since a < by, ,..., by, , it
follows that by, A- - -Ab,,, exists in A. Then, given that B is a strong-subalgebra,
by, N---Aby, € B. Hence, a(a) = a(by,)N---Na(by,, ) = alby, A---Aby,).
This implies that a = by, A---Ab,, € B. Therefore, B, C B. O

Proposition 6.9. If < is an A-compatible quasiorder on X, then =B =2=.

Proof. Let © < y. Let b € B< and suppose that b € x. Then, it follows by
definition of B< that b € y. Hence x <p_ y. Conversely, suppose that z <p_ v.
This means that Vb € B<(b € z = b € y). Suppose by contradiction that
z £ y. Since < is A-compatible, there exists an <-upset U € A such that
x €U and y ¢ U. Given that U € A, there is a € A such that U = a(a). Now
we show that ¢ € B<. Let z < w and suppose that a € z. Thus z € a(a).
Since «(a) is <-upset, it follows that w € a(a). That is, a € w. Then a € B<.
Summarizing, we have that a € B<, a € x and a ¢ y. A contradiction. Hence
z2y. 0

Now by the previous results, we have the following.

Theorem 6.10. The set of all strong-subalgebras of A ordered by C is isomor-
phic to the set of all A-compatible quasiorders on X ordered by O under the
maps B— =<p and X —B<.

Remark 6.11. Notice that in the definition of strong-subalgebra we allow that
the empty set be a strong-subalgebra of A. The greatest A-compatible qua-
siorder of the Priestley DN-space (X, 7,.4,0,1) is X x X. Its corresponding
strong-subalgebra is Bxyx = (0. On the other hand, the least A-compatible
quasiorder on X is <4 = C and its corresponding strong-subalgebra is
B, =A
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Now let us show that the .A-compatible quasiorders on a Priestley DN-
space X correspond to quotients spaces of X.

Let (X,7,.A,0,1) be a Priestley DN-space and < an A-compatible qua-
siorder on X. Let A< = {U € A : Uisan < -upset}. Let = = <N > .
It is clear that = is equivalence relation on X. Let ¢: X — X/= be the
natural map. We consider the quotient space (X/=,7=) of (X, 7). That is,
7= ={V C X/=:¢"![V] € 7}. Now we define

Ao ={V C X/=:q¢'[V] € A<}

We want to prove that the structure (X/=,7=, A=,0/=,1/=) is a Priestley
DN-space. Before that, we need some auxiliaries results.

Proposition 6.12. Let U,Uy,Us € A<.
(1) q(z) € q[U] if and only if z € U.

(2) ¢ 'qlU]] = U.
(3) q[U1 N Us] = q[U1] N q[Us].

Proof. (1) is straightforward. (2) and (3) are consequence of (1). O

Lemma 6.13. Let (X, 7) be a topological space and let B C 7 be such that
BU{U® : U € B} is a subbasis for 7. If A C 7 is such that for each U € B,
U=ViNn---NV, for some Vi,...,V, € A, then AU{V®:V € A} is a subbasis
for .

Proof. We leave the details to the reader. O
Proposition 6.14. A- U{W<°: W € A=} is a subbasis for the topology T=.

Proof. Notice that < is a compatible quasiorder of the bounded Priestley space
(X,7,<4,0,1) (see [20,31]). Then, the ordered quotient space (X/=,7=,<=
,0/=,1/=) is a bounded Priestley space (see [20,31]), where q(z) <= ¢q(y) <=
x =< y. Thus, we know that ClUp*(X/=)U {W*: W € ClUp*(X/=)} is a
subbasis for 7=. Let us use Lemma 6.13 in order to prove this proposition.

Let W € ClUp*(X/=). Since q: X — X/= is continuous and order-
preserving from (X, 7, <) onto (X/=,7=,<=), it follows that ¢ 1[W] is a
proper and nonempty clopen =-upset of X. Let y ¢ ¢~ '[W]. For each z €
g '[W], we have x A y. Thus, for each z € ¢~ *[W], there is U, € A< such
that x € U, and y ¢ U,. Then,

g W) C U{Uw cx € g W]}
Since ¢~ 1[W] is compact, it follows that ¢~ [W] C U,, U---UU,, . Notice that
Uy :=Uy, U---UU,, € Ax. Thus, we have proved that for every y ¢ ¢~ *[W],
there is U, € A such that y ¢ U, and ¢~![W] C U,,. Then,

g W =0y :y ¢ g W
By compactness of ¢~ *[W]¢, it follows that ¢~ '[W] = Uy, N---NU,,,.
Proposition 6.12, we obtain that

W =gq [q_l[W]] = Q[Uyl n---nN Uym] = Q[Uyl] n---N Q[Uym]~

By
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Notice, by Proposition 6.12, that ¢~* [¢[Uy,]] = U,, € A<, forallj =1,...,m.
Then, q[Uy,] € A=, for all j = 1,...,m. Hence, W is a finite intersection of
elements of A=. Therefore, by Lemma 6.13, A=U{W°: W € A=} is a subbasis
of =. O

Proposition 6.15. Let (X,7,.A,0,1) be a Priestley DN-space and =< an A-
compatible quasiorder on X. Then, (X/=,7=, A=,0/=,1/=) is a Priestley DN-
space. Moreover, q: X — X/= is an onto Priestley DN-space.

Proof. (S1) Since ¢: X — X/= is continuous and X is compact, it follows that
X/= = ¢[X] is compact.

(S2) It was proved in Proposition 6.14.

(S3) Let W € A=. Thus ¢ '[W] € A<. Then 0 ¢ ¢~ '[W]and 1 € ¢~} [W].
Thus 0/= ¢ W and 1/= € W. Hence 0/= ¢ |J A= and 1/= € ) A=.

(S4) Wy, Wy, W3 € A=. Thus ¢~ 1[W;] € A< for i = 1,2,3. Then

g (Wi uWs) N (WaUWs)] = (¢ [Wi]Uq ' [Wa]) N (¢~ [Wa] Ug™ ' [Wa]) € Ax.
Hence, (W1 @] Wg) N (W2 U Wg) e A-.

(S5) Let z/=,y/= € X/= be distinct. Then x £ y or y £ z. Without
loss of generality assume that = £ y. Thus there is U € A< such that z € U
and y ¢ U. By Proposition 6.12, it follows that ¢[U] € A=, /= € ¢q|U] and
y ¢ q[U]. This completes the proof. O

Corollary 6.16. Let (X, 7, .A,0,1) be a Priestley DN-space and =< an A-compatible
quastorder on X. Then,

(B, i) = (A, i) (A, 7).
Proof. For each of the algebras above, the operation m is given by:
m(U, V,W)=UuUW)n(VUWw).
Recall that
B:x={UeA:V(z,y) e (z €U = yeU)}
and
A< ={U € A:Uis = -upset}.

Hence, it is clear that (B<,m) = (A<, m). On the other hand, given that the
map ¢~ !: A= — A< preserves unions and intersections, then it is a homomor-
phism of DN-algebras. Since ¢ is onto and by Proposition 6.12, it follows that
g~ ! is bijective. Hence, ¢~! is an isomorphism from (A=, m) onto (A<, m).
O

Hence, notice that if A is a DN-algebra with dual Priestley DN-space
(X,71,A,0,1) and B is a strong-subalgebra of A, then the quotient structure
(X/=B,T=p,A=,,0/=p,1/=p) is the dual Priestley DN-space of B, where
=p==pN=rp.

We close this section proving the converse of Proposition 6.15.
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Proposition 6.17. Let h: X — Y be an onto Priestley DN-morphism from
(X,7,A,0,1) onto (Y,n,B,0,1). Then, the relation =<;, on X defined by v <
¥ <= h(z) <g k(') is an A-compatible quasiorder on X. Moreover,

(Y,n,B,0,1) 2 (X/=p,71=,, A=, ,0/=p,1/=p), where =, = 25, N =) .

Proof. First, we show that <}, is an A-compatible quasiorder on X. It is clear
that <, is a quasiorder. Let 21, x5 € X be such that z1 25, z2. Thus h(z1) £5
h(zz). Then, there is V' € B such that h(zy) € V and h(z) ¢ V. That is,
x1 € h71[V], 23 ¢ h7}[V] and h}[V] € A. Now we prove that h=1[V] is
an =<p-upset. Let z,2’ € X be such that * <, 2’ and z € h~![V]. Thus
h(z) <g h(z') and h(x) € V. Since V' € B, it follows that V is <g-upset. Then
2’ € h=1[V]. Hence =}, is A-compatible.

Let h: X/=j — Y be defined by lAl(x/Eh) = h(x). It is a routine matter to
show that % is well-defined and bijective. Now we show that hisa Priestley DN-
morphism from (X/=p,, 7=, , A=, ,0/=x,1/=4) to (Y,n,B,0,1). Let V € B. We
need to show that h=[V] € Az, = {W C X/=;, : ¢ [W] € A<, }, where
q: X — X /=y, is the natural map. Let z € X. Then,

zeqt [ﬁ*l[vﬂ = qlz) e h"YV] = h(z/=p) €V
<~ h(x) eV
— xch V]

Hence, ¢~ * [iAfl[Vﬂ = h7V] € A, . Therefore, T is an isomorphism of the
category PDN'S. O

From what we have just proved, we can say that the A-compatible qua-
siorders on a Priestley DN-space (X, ,.4,0,1) give an intrinsic description of
the Priestley DN-spaces Y which are quotients of X, that is, for which exists
an onto Priestley DN-morphism h: X — Y.
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