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1. Introduction and preliminaries. The distributivity of a lattice L =
(L,V,A\) can be characterized through some special subsets: if a,b € L, the an-
nihilator of a relative to b is defined as the set (a,b) = {x € L: x Aa < b}. A
well known result given by Mandelker in [19] asserts that L is distributive if and
only if {a,b) is an ideal of L, for all a,b € L. Then, this result was extended by
Varlet to the class of distributive semilattices ([20]), and by Chajda and Kolafik
to the class of distributive nearlattices ([9]). The distributive nearlattices have
been studied by several authors in [2, 6, 7, 10, 13, 14, 15, 16, 17, 18], and they
are a natural generalization of implication algebras, in the sense of [1], and also of
bounded distributive lattices. In [4], the authors presented an alternative definition
of relative annihilator in distributive nearlattices different from that given in [9],
and established new equivalences of the distributivity of a nearlattice. Later, using
the results developed in [4], a particular class of filters and annihilator-preserving
congruence relations were studied in [3, 5].

The class of normal distributive nearlattices was introduced in [4], which gen-
eralize the class of normal lattices given by Cornish in [11, 12]. There is a strong
connection between normal distributive nearlattices and the set of its annihilators.
For example, in [3] it is proved that there is a correspondence between a class of
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filters (called a-filters) of a normal distributive nearlattice and the filters of the dis-
tributive nearlattice of the annihilators. The aim of this note is to introduce and
study the classes of a-ideals and a-congruences in a normal distributive nearlattice,
and prove that they are in a one-to-one correspondence with the classes of ideals
and congruences of the distributive nearlattice of the annihilators, respectively.

The paper is organized as follows. In this section we give some definitions and
basic results about distributive nearlattices which are needed in the rest of the
paper. In Section 2, we introduce the a-ideals in distributive nearlattices. We
prove a separation theorem between ideals and a-filters by means of prime «-ideals
and we see the relationship between a-ideals in a normal distributive nearlattice
and ideals of the distributive nearlattice of the annihilators. In Section 3, we study
a-congruences, and we also prove that there is a one-to-one correspondence between
the a-congruences of a normal distributive nearlattice and the congruences of the
distributive nearlattice of the annihilators.

Let A = (A4,V,1) be a join-semilattice with greatest element. A filter is a
subset F' of A such that 1 € F,if a < band a € F, then b € F and if a,b € F,
then a Ab € F, whenever a A b exists. Denote by Fi(A) the set of all filters of
A. If X is a non-empty subset of A, the smallest filter containing X is called
the filter generated by X and will be denoted by Fig(X). A filter G is said to
be finitely generated if G = Fig(X), for some finite non-empty subset X of A. If
X = {a}, then Fig({a}) = [a) = {x € A: a < z} called the principal filter of a.
A subset I of A is called an ideal if @ < b and b € I, then a € I and if a,b € I,
then a Vb € I. If X is a non-empty set of A, the smallest ideal containing X is
called the ideal generated by X and will be denoted by Idg(X). It follows that
Idg(X) ={a € A: Jz1,...,2, € X (a < 21 V...V2,)}. A non-empty proper
ideal P is prime if for every a,b € A, a Ab € I implies a € I or b € I, whenever
a A'b exists. We denote by Id(A) and X(A) the set of all ideals and prime ideals
of A, respectively. It is clear that Id(A) is an algebraic closure system, and thus
Id(A) = (Id(A),C) is a complete lattice. Finally, a non-empty ideal I of A is
mazximal if it is proper and for every J € Id(A), if I C J, then J =TI or J = A.
Denote by X,,,(A) the set of all maximal ideals of A.

The class of distributive nearlattices can be presented in two equivalent ways:
as join-semilattices with greatest element that satisfy some property or as algebras
with only one ternary connective satisfying some identities. The two different ways
to consider distributive nearlattices are useful for different purposes.

DEFINITION 1.1. Let A be a join-semilattice with greatest element. We say that A
is a distributive nearlattice if each principal filter is a bounded distributive lattice.

Distributive nearlattices are in a one-to-one correspondence with certain ternary
algebras satisfying some identities. This fact was proved in [18, 10], and in [2] the
authors found a smaller equational base for the ternary algebras.

THEOREM 1.2. ([2, 10]) Let A = (A,V,1) be a distributive nearlattice. Let
m: A> — A be the ternary operation given by m(x,y,z) = (x V 2) A, (y V 2),
where A, denotes the meet in [z). Then the structure A, = (A, m, 1) satisfies the
following identities:
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(1) m(z,z,1) =1,
(2) m(z,y,z) ==z,
(3) m(m(x,y, 2), m(y,m(u, z, 2), 2), w) = m(w,w, m(y, m(z,u, z),z)),

4) m(z,m(y,y,2),w) = m(m(z,y,w), m(z,y,w), m(z, z,w)).

Conversely, let A = (A, m,1) be an algebra of type (3,0) satisfying the identities
(1) — (4). If we define the binary operation x Vy = m(x,z,y), then A* = (A, V, 1)
is a distributive nearlattice. Moreover, (A,)* = A and (A*). = A.

ExAMPLE 1.3. Each bounded distributive lattice is a distributive nearlattice. Also,
every implication algebra, in the sense of [1], is a distributive nearlattice.

REMARK 1.4. If A is a distributive nearlattice, then X,,,(A) C X(A). Let a,bec A
and U € X,,,(A) be such that a A b exists and a Ab € U. Suppose that a ¢ U and
b¢ U. Then U = Idg (U U {a}) NIdg (U U {b}). Indeed, if z € Idg (U U {a}) N
Idg (U U {b}), then there are uj,us € U such that x < u; Va and z < ug V b.
Thus, u = u; V uz € U and since [x) is a bounded distributive lattice, we have
< (uVa)A(uVvbd) =uV(aAbd). AsaAb e U, it follows that x € U. The
other inclusion is immediate. On the other hand, since U C Idg (U U{a}), U C
Idg (U U {b}) and U is maximal, we have Idg (U U {a}) = Idg (U U {b}) = A and
U = A, which is a contradiction because U is proper. Therefore, X,,,(A4) C X(A).

Let A be a distributive nearlattice. We consider Fi(A) = (Fi(4),Y,N, {1}, 4),
where the least element is {1}, the greatest element is A, and for each G, H € Fi(A),
we have G Y H = Fig(GU H).

THEOREM 1.5. ([13]) Let A be a distributive nearlattice. Then Fi(A) is a bounded
distributive lattice.

THEOREM 1.6. ([17]) Let A be a distributive nearlattice. Let I € Id(A) and
F € Fi(A) be such that INF = (. Then there exists P € X(A) such that I C P
and PN F = 0.

The following definition was given in [4] as an alternative to [9].

DEFINITION 1.7. Let A be a join-semilattice with greatest element and a,b € A.
The annihilator of a relative to b is the set

aocb={zeA:b<zVa}.
In particular, a” =aol={x € A: 2V a = 1} is called the annihilator of a.

If A is a distributive nearlattice, then a o b € Fi(A), for all a,b € A ([4]). Let
a € A and we consider

aTTz{yGA:VJ:ECLT(y\/le)}:ﬂ{xT:xeaT}.

Notice that a” and o T are filters of A, for all a € A.
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LEMMA 1.8. ([3, 4]) Let A be a distributive nearlattice. Let a,b € A and I €
Id(A). The following properties are satisfied:

(1) a < b impliesa’ Cb'.

(2) a” CbT ifand only ifbT T Ca'T.

(3) (aAb)' =a” NbT, whenever a A b exists.

(4) INa' = () if and only if there exists U € X,,(A) such that I CU anda € U.
(5) IfU € 1d(A), then U € X,,(A) if and only ifVa € A (a ¢ U = Una' #0).

(6) If U € X,,(A), then Va € A (agéU(:)UﬂaTT:(Z)).

We are interested in studying the class of normal distributive nearlattices in-
troduced in [4], which are a generalization of the normal lattices given in [11].

DEFINITION 1.9. Let A be a distributive nearlattice. We say that A is normal if
each prime ideal is contained in a unique maximal ideal.

THEOREM 1.10. ([4]) Let A be a distributive nearlattice. Then A is normal if
and only if (aVb) =a” Vb', for all a,b € A.

Let A be a normal distributive nearlattice, and consider the set R(4) = {a": a
€ A}. Note that R(A) C Fi(A). If we define m: R(A)® — R(A4) by m (a”,b",¢")
=(a"Ye")n(b" V'), then by Lemma 1.8 and Theorem 1.10, the structure

R(A) = (R(A), 7, A)

is a distributive nearlattice, and it is called the distributive nearlattice of the annihi-
lators of A (for more details see [3]). Let us denote by Fi(R(A)) = (Fi(R(A4)),,N)
the distributive lattice of filters of R(A).

2. «a-ideals. The main aim of this section is to introduce the class of a-ideals
in distributive nearlattices and prove that there is a one-to-one correspondence
between a-ideals of a normal distributive nearlattice and ideals of the distributive
nearlattice of the annihilators.

DEFINITION 2.1. Let A be a distributive nearlattice and I € Id(A). We say that
I is an a-ideal if for each a € A, INa' " # () implies a € I.

Denote by Id,(A) and X, (A) the set of all a-ideals and prime a-ideals of A,
respectively. We consider the structure Id,(A) = (Id,(A), C).

EXAMPLE 2.2. Every maximal ideal of a distributive nearlattice is an a-ideal.
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EXAMPLE 2.3. Let A be a distributive nearlattice. An element a € A is dense if
a’ = {1}. Denote by D(A) the set of all dense elements of A. By Lemma 1.8,
we have D(A) € Id(A). Also, D(A) is an a-ideal. Indeed, if a € A such that
D(A)Na'" # (), then there is 2 € D(A) such that z € a7, ie.,, 27 = {1} and
a' C x". Therefore, a’ = {1} and a € D(A). Note that D(A) is the smallest
a-ideal of A. If I € Id,(A) and a € D(A), then a” = {1} and a' T = A. Thus,
INa’" # () and since [ is an a-ideal, a € I. So, D(A) C I, for all I € Id,(A).

REMARK 2.4. Not every ideal is an a-ideal. We consider the following distributive
nearlattice A given by

b C
and the ideal I = {c}. Then, since b" " = A, we have INb" T # () but b ¢ I.

Let A be a distributive nearlattice and a € A. We define the set (a]o, = {z €
A:z" C a'}. Notice that (a], = (b]s if and only if a” = bT. We have the
following result, which characterizes the a-ideals.

THEOREM 2.5. Let A be a normal distributive nearlattice and I € 1d(A). The
following conditions are equivalent:

(1) I is an a-ideal.

(2) Ifa € I, then (a]o C 1.

(3) Ifa” =b" anda € I, then b € I.
4) I'=U{(ala: ael}.

Proof. (1) = (2) Let a € I and = € (alo. So, 27 Ca’ anda'" C2'T. As
aca'’, wehavea ez, Thus, INz' " # 0, and since I is an a-ideal, z € I.
Then (a], C 1.

(2) = (3) Let a,b € A be such that a” =b" and a € I. Thus, (a], = (], and
by hypothesis, (a], C I. Then (b], C I, and as b € (b], it follows that b € I.

(3) = (4) Since a € (alq, for alla € A, we have I C | J{(a]a: a € IT}. Conversely,
if 2 € J{(a]a: a € I}, then there is a € I such that = € (a]o. Then 2" Ca'. By
Theorem 1.10, we have a” = aT YT = (aV z)". By hypothesis, aVa € I. Hence,
z €l and I =J{(alo: a€T}.

(4) = (1) Let b € A be such that I Nb" T # (). Then there is a € I such that
a€b’T. Ttiseasytoseethat b’ Ca'. Thenb € (a], and b € J{(a]o:a € I} =1.
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So, I is an a-ideal. O

PROPOSITION 2.6. Let A be a normal distributive nearlattice. Then Id,(A) is an
algebraic closure system. Moreover, for each subset X C A, the set

Idg,(X)={a€ A: Jzy,...,2n€ X (a Caf ¥Y...V2])}

n

is the least a-ideal of A containing the subset X .

Proof. Tt is straightforward from Theorem 2.5 that Id, (A) is closed under arbitrary
intersections and unions of chains. Hence, Id, (A) is an algebraic closure system.
Let X € A. By Lemma 1.8 and Theorem 1.10, it is easy to show that
Idg,(X) is an ideal of A. Let a € A be such that Idg, (X)Na'" # 0. So,
there is y € Idg,(X) and y € a'". Then, there are x1,...,2, € X such that
y' Cazl V...Val and a” Cy'. Thus, a” Caf V...Vz! and a € Idg, (X).
Therefore, Idg,, (X) is an a-ideal. It is clear that X C Idg,(X). Let now J be an
a-ideal such that X C J. Let a € Idg,, (X). So, there are x1,...,x, € X such that
a" Cxl Y...Va!]. Thenz=x2,V...Vz, €.J. Since A is normal, it follows that
xf V... Vol = (gc;t\/...\/ocn)—r =2". Thena' Ca" andx €a'’ NJ. Since J
is an a-ideal, we have a € J. Hence, Idg,(X) C J. a

REMARK 2.7. Let A be a normal distributive nearlattice and I € Id(A). Then
ldg,(I)={z€A:Jiel (2" Ci")}.

In particular, for each a € A, Idg,, ((a]) = (ala = {r € A: 2" Ca'}.

Now, we consider the concept of a-filter introduced in [3]. In Theorem 2.12 we
will see that the a-filters are closely related to the a-ideals.

DEFINITION 2.8. Let A be a distributive nearlattice and F' € Fi(A). We say that
Fis an a-filterifa’ T C F, for alla € F.

Denote by Fi,(A) the set of all a-filters of A.

EXAMPLE 2.9. Let A be a distributive nearlattice. Then o and a' ' are a-filters,
for all a € A.

EXAMPLE 2.10. Let I be a non-empty ideal of a distributive nearlattice A. Then
Fr={zeA:Jiel (ica")}

is an a-filter. As [ is a non-empty set, it follows that 1 € F; and F} is increasing.
Let x,y € Fy and suppose that 2y exists. Then there exist ¢, 7 € I such thati € 2
andj € yT. Since I'isanideal, k =iVj € I. By Lemma 1.8,k € 2 Ny’ = (z Ay) "
and x Ay € Fr. So, Fyis a filter. Let a € F;. If x € a7, then " C 2. As
a € Fy, thereisi € I suchthat i € a” Ca'. Thus, i € 2" and « € F;. Therefore,
a' T C Fy and Fy is an o-filter. Moreover, if I is proper, then I N F; = 0.
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PROPOSITION 2.11. Let A be a distributive nearlattice. Then Fi,(A) is an alge-
braic closure system.

Theorem 1.6 allows us to separate ideals and filters through prime ideals. We
have the following separation theorem between ideals and a-filters via a-ideals.

THEOREM 2.12. Let A be a distributive nearlattice. Let I € Id(A) and F €
Fin(A) be such that I N F = (). Then there exists P € X,(A) such that I C P and
PNF=40.

Proof. Let us consider the set
F={Held(A): IC Hand HNF = (}.

Since I € F, we have F # (). The union of a chain of elements of F is also in F.
Then, by Zorn’s Lemma, there exists an ideal P maximal in F. It is easy to see
that P is prime. We prove that P is an a-ideal. Let a € A be such that Pna' T # ()
and suppose that a ¢ P. We consider the ideal Idg(P U {a}). Since P is maximal
in F, then Idg(P U {a}) N F # 0, i.e., there is p € P such that pVa € F. As F is
an a-filter, (pVa)' " C F. On the other hand, since PNa'" # (), there is b € P
suchthat b€ a'". So,pvbep' T andpVvbea' . By Lemma 1.8, it follows that

p\/bEpTTﬂaTT:(p\/a)TTgF

and PN F # (), which is a contradiction. Therefore, P is a prime a-ideal. O

Recall that D(A) = {a € A:a' = {1}}.

LEMMA 2.13. Let A be a distributive nearlattice. Then D(A) = ({P: P €
Xa(A)}.

Proof. By Example 2.3, D(A4) € Idy(A) and D(A) C{P: P € X,(A)}. Recipro-
cally, suppose there is a € (J{P: P € X,(A)} such that a ¢ D(A). So, since D(A)
is an a-ideal, we have D(A) Na' T = (. By Theorem 2.12, there exists Q € X, (A)
such that D(A) CQ and QNa'T =0. Asa €a'T, it follows that a ¢ Q. On the
other hand, a € ({P: P € X,(4)} C @, which is a contradiction. We conclude
that D(A) = {P: P € Xn(4)}. O

We present the main result of this section.

THEOREM 2.14. Let A be a normal distributive nearlattice. Then Id,(A) is iso-
morphic to Id(R(A)).

Proof. Let ¢: 1d4(A) — Id(R(A)) be the mapping given by

o(I)={a":acl}.
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Firstly, we see that ¢ is well-defined. Let I € Id,(A) and a',b" € R(A) be
such that b7 C a' and o' € ¢(I). By Lemma 1.8, a’m Cb'T anda e 1. As
aca'’, wehavea € b' 7. Thus, INb'T # () and since I is an a-ideal, we have
bec I. Hence, b € ¢(I) and ¢(I) is decreasing. Let a',b" € ¢(I). Then a,b € I,
and so a Vb € I. By Theorem 1.10, it follows that a” V6T = (aVb)' € ¢(I).
Thus, ¢(I) € IA(R(A)).

Let I,J € Ido(A). It is clear that I C J implies ¢(I) C ¢(J). Assume now
that ¢(I) C ¢(J). Let a € I. So, a' € ¢(I). Thus, a’ € ¢(J). Then thereis b € J
such that ¢ = b". Since J is an a-ideal, it follows by Theorem 2.5 that a € J.
Hence, I C J.

It only remains to show that ¢ is onto. Let G € Id(R(A)). If I[c = {a € A: a' €
G}, then by Lemma 1.8 and Theorem 1.10, it is easy to see that Ig € Id,(A4) and
o(Ig) = G. So, ¢ is onto. O

3. a-congruences. Let A = (A,V,1) be a distributive nearlattice. An equiv-
alence relation # C A x A is said to be a congruence of A if: (i) whenever
(a,b),(c,d) € 6, then (aV ¢,bV d) € 6, and (it) if (a,b),(c,d) € 6 and a A ¢,
b A d exist, then (a Aec,bAd) € 6 (see [18]). Let us denote by Con(A) the set of
all congruences of A. The structure Con(A) = (Con(4),V,N, A, V) is a complete
distributive lattice, where the least element is A = {(a,a): a € A}, the greatest
element is V. = A x A, and for {0;: i € I} C Con(A), A\,c;0i = [;c; ©: and
(a,b) € V,;c; O if and only if there exist z9 = a,z1,...,2, = b € A such that
(2,2j41) € User @i, for all j =0,...,n — 1.

ExaMPLE 3.1. If A is a distributive nearlattice and Y C X(A), then
O)={(a,b) e Ax A: pa(a)°NY = pa(b)°NY}

is a congruence of A, where pa : A — Py(X(A)) is the mapping defined by pa (a) =
{PeX(4): a¢ P}.

Now, we introduce the class of a-congruences.

DEFINITION 3.2. Let A be a distributive nearlattice and © € Con(A4). We say
that © is an a-congruence if for each a,b,c,d € A such that (a,b) € ©,a’ ="
and b" =d' implies (c,d) € ©.

Denote by Con,(A) the set of all a-congruences of A.

EXAMPLE 3.3. Let A be a normal distributive nearlattice. The relation @7 C
A x A given by

(a,b) €07 <= a' =b"
is a congruence of A such that A/©T is isomorphic to R(A) (see [3]). It is easy
to see that © T is an a-congruence. Moreover, © " is the smallest a-congruence of
Cong(A). Indeed, let ¥ € Con,(A) and (a,b) € ©7. Since (a,a) € ¥, a’ =b"
and ¥ is an a-congruence, we have (a,b) € U. Hence, " C V.
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REMARK 3.4. Not every congruence is an a-congruence. Following Remark 2.4, it
is easy to see that the congruence A is not an a-congruence.

Following the notation of Examples 3.1 and 3.3, we have the next result.
THEOREM 3.5. Let A be a normal distributive nearlattice. Then©®T = ©(X,,(4)).
Proof. Let (a,b) € ©" and suppose that (a,b) ¢ ©(X,,(A)). Then, a” =b' and

pa(a)®NXm(A) 7# pa(b)” N Xm(A).

If va(a) A) € pa(b)° N X, (A), then there exists P € X,,(A) such that
PegaA( )C andP¢<pA() So a € Pand b ¢ P. By Lemma 1.8, we have
PNbT™T =0. Since a” =0b", it follows that a € PNa' " = PNb' ", which is a
contradiction. Hence, (a,b) € O(X,,(A)).

Conversely, let (a,b) € O(X,,(A)) and suppose that (a,b) ¢ ©T. Thena' #b'.
Suppose that a” ¢ bT. Thus, there is x € a" such that x ¢ b'. Since b" € Fi(4),
by Theorem 1.6 there exists P € X(A) such that z € P and PNb' = (. By
Lemma 1.8, there exists U € X,,(A4) such that P C U and b € U. Then,
U € pad)NXpu(A) = pala)NX,,(A). Thus, a € U. Asx € Pand P C U,
z € U. Hence, 1 = x V a € U, which is a contradiction because U is maximal. So,
(a,b) € ©T. Therefore, T = O(X,,(A)). O

PROPOSITION 3.6. Let A be a normal distributive nearlattice. Then Cong(A) is
a complete sublattice of Con(A).

Proof. Let {©;: 4 € I} C Cong(A). It is immediate that (), ; ©; € Cong(A). Let
(a,b) € V,;c; ©;. Then, there exist zo = a, 21,...,2, = b € Asuch that (2j,2j41) €
Uier ©i, for all j = 0,. n—l Let ¢,d € A be such that a' Tand b =dT.
So, (a,21) € U;je; ©is a” =c¢" and 2y = z]. Since {©;:i € I} are a-congruences,
we have (c,z1) € U,;c; ©;. Analogously, (z,-1,b0) € U;c; 04, 201 = 2., and
b" =d'. Then (z,-1,d) € U;c; ©:. It follows that (c, 21), (21, 22), ..., (2n—1,d) €

Uier ©4, ie., (¢,d) € \,c; ©i. Therefore, \/,.; ©; is an a-congruence. O

Let A be a distributive nearlattice and a,b € A. Let ©(a,b) be the princi-
pal congruence generated by (a,b), i.e., ©(a,b) is the smallest congruence of A
containing (a,b). The following result will be useful.

LEMMA 3.7. ([8]) Let A be a distributive nearlattice. Let a,b € A be such that
b < a. Then

O(a,b) ={(z,y) e Ax A:zVa=yVa and [x)V[b) =[y)V[b)}.

We denote by ©,(a,b) the smallest a-congruence of A containing (a,b), called
the principal a-congruence generated by (a,b). Our next goal is to characterize the
principal a-congruences.
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PROPOSITION 3.8. Let A be a normal distributive nearlattice. Let a,b € A be
such that b < a. Then (z,y) € ©4(a,d) if and only if

(%) z"Va' =y"Va' and [xT) U [bT) = [yT) U [bT) .

Proof.  Since A is normal, it follows straightforward that the relation ®, ) defined
by () is an a-congruence and (a,b) € ®(4p). Let ¥ be an a-congruence such that
(a,b) € V. Let (z,y) € ®(ap). Then ' Ya' =y Va' and [z7) U [b7) =
[y") U [b"). Thus, (m(a,b,z),yVa) € V. Indeed, by Lemma 1.8, b < a implies
b" C a” and by Theorem 1.10, thus

(va)szT!szxT!(bTﬂaT) = (xT!bT)ﬂ(xTYaT)
zm(aT,bT,xT) =m(a,b,z)".

Then (zVa,zVb) €W, (zVb) =m(a,bz)T and (zVa)' = (yVa),and since
¥ is an a-congruence, we have (m(a,b,z),y V a) € U. Analogously, it is easy to
prove that (m(a,b,y),zVa), (m(a,b,z),zVb), (m(a,b,y),yVb) € ¥. So, it follows
that (x Va,yVb),(zVbyVa)e V. Hence,

(xVy)A(zVa),(xVy) Ay Vb)) = (m(a,y,r),mb z,y)) € ¥

and
((xVy) A(zVbd),(zVy

) A
Also, m(a,z,y)" = (a" Yy )N (2" Vv
and as ¥ is an a-congruence, (m(b,y

(m(ba Y, ZI?), m(b7 x, y)) ev,
On the other hand, since [xT) U [bT) — [yT) L [bT)’ we have

[z") =[=")n([y)up’)) = ([=")n
= [Ty U [T YT = [(xTY
= [m (bT,y , T )) = [m(b,y,x)T).

(yVa)) = (mb,y,z),m(a,z,y)) € V.

y )= (" Vel @’ YyT) =m(ay2)"
,x),m(a,y,x)) € ¥. Then, by transitivity,

Thus, 7 = m(b,y,z)". Similarly, we can prove that y " = m(b,z,y) . Then, since
¥ is an a-congruence and (m(b,y,x), m(b,x,y)) € ¥, it follows that (z,y) € V.
Hence, ®(, ) € V. Therefore, ®(, ) = Oa(a,b). O

Let A be a normal distributive nearlattice. Let f: Con(R(A)) — Cong,(A) be
the mapping defined by
(%) (a,b) € f(©) <= (a',b") € O.

LEMMA 3.9. Let A be a normal distributive nearlattice. Let f be the mapping
given by (x). The following properties are satisfied:
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(1) For every {©;: i € I} C Con(R

( ) f(©i)
( ) 1(63).

(2) Ifb<a, then f (© (a',b O.(a,b).

and

Proof. (1) By Lemma 1.8 and Theorem 1.10, it follows that f is well-defined.
It is straightforward to show directly that F({O::iel}) =N{f(©:):1i¢€ I}
Let (a,b) € f(\/{©;:i€I}). Thus, (a',b") € \/{@1'1' € I}, i.e., there exist
zg =a',z,...,z; = b € R(A) such that (z],2/,) € U{6:: i 6 I}, for all
j=0,...,n—1. So, we have that (a, z1), (zl,zz) y (Zn—1,0) € U{f(©;): i € I}
and (a,b) € V{f(©;): i € I}. Then f(\/{@iziel}) C V{f(©;):i € I}. The
other inclusion is similar.

(2) Since R(A) is a distributive nearlattice, by Lemma 3.7 and Proposition 3.8,
we have

(x,y) € f(@ (aT,bT)) — (;vT,y €

Thus, f (9 (aT,bT)) = O,(a,b). O

THEOREM 3.10. Let A be a normal distributive nearlattice. Then Cong(A) is
isomorphic to Con(R(A)).

Proof. By Lemma 3.9, f: Con(R(A)) — Cony(A4) defined by (%) is a lattice
homomorphism. It is easy to prove that f is 1-1. We prove that f is onto. We
know by Lemma 3.9 that if b < a, then f (© (a",b")) = O4(a,b). On the other
hand, ¥ = \/{O4(a,b): (a,b) € U and b < a}, for all ¥ € Con,(A4). Indeed, if
(x,y) € U, then (z,z V), (y,zVy) € U and (z,y) € Ouz,zVYy)VOu(y,z Vy).
The other inclusion is immediate. Then

U =\/{Ba(a,b): (a,b) € ¥ and b < a}
:\/{f(@ (a",0")) : (a,b) € ¥ and b < a}
:f(\/{@ (a”,b") : (a,b) € ¥ and bga})

and f is onto. Therefore, f is an isomorphism. O
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